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The dispersion relation is used for analyzing K-N scattering data to determine the type of the 
K-coupling and the magnitude of its coupling constant. The following assumptions are made: 

i) Spin of K is zero. 

ii) A and J have the same parities. 

iii) K+-p interaction is repulsive. 

iv) K scattering by p at low energies is isotropic. 


Then it is concluded: If K~-p interaction is repulsive, K-coupling is scalar. If K~-p is attractive, 
the coupling could be either scalar or pseudoscalar depending on the energy dependence of the K+-p 


scattering cross section at low energies. 


§1. Introduction 


In the previous paper? it was pointed out that there is an essential difference 
between dispersion relation for K mesons with both types of interactions: scalar and 
pseudoscalar. Also discussion was given about the contributions to the scattering amplitude 
arising from the unphysical region, due to the exothermic reactions K+p—>7-+A and 
K+po7+. 

In the present paper it is examined if this dispersion relation determines the type 
of K coupling and the magnitude of its coupling constant, with a few data available 
now for K-p scattering. 

The cross section of K*-p elastic scattering appears to be energy-independent in 
the energy region 60 to 200 Mev.” In the lower energy region, the propane bubble 
chamber result indicates that K‘-p scattering cross section may increase with energy”? 
while the emulsion data shows no appreciable energy-dependence.” So that two curves 
are assumed for K*-p scattering cross section in our analysis. The relative parity 
between A and is assumed to be positive” and K'-p interaction is taken to be 
repulsive.” We also accept that K scattering by p at low energies is isotropic.” If 
the scattering amplitude in the unphysical region has neither a cusp nor kink, the 
smooth extrapolation into this region would be a good approximation, and its contribu- 
tion proves to be fairly small. 

With these data the dispersion relation can be applied to determine the K-coupling. 
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§2. Dispersion relations for K-p scattering 


In the paper I the dispersion relations (1-5-1), (£-5-3) were discussed to be 


more convenient for the determination of K-coupling. (1-5-1) 
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However, since the data on K--p eAtESIDS is very eis the following dispersion 
relation is used here. Neglecting w,? and wy* (since wx?/m2Z=1.14X107, wy? /me= 


7.18X10~*) in the Born term we get a simplified expression. 
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Here K-meson mass is taken as unity,* o%(w) involves both K> -p elastic and charge 


exchange scattering cross section and 
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* Hereafter this unit will be adopted. 
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where faz, and fy; are the rationalized and renormalized ANK and + NK-coupling 
constants, respectively. If we rewrite eq. (2-3) as 
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then the apparently complicated w dependence indicated by the left-hand side of (2-5) 
should give 2F. If F is negative, the interaction is found to be of a scalar type, and 
the positive F means pseudoscalar coupling. 

In this form the result is insensitive to o_(w) and the choice of unknown 4_(w) 
in the unphysical region. It is also insensitive to the behavior of o,(w) at high 
energies, but sensitive to the low energy K*-p scattering. 


§ 3. Experimental data 


As to the cross section of K*-p scattering, the propane bubble chamber result 
indicates that K*-p scattering cross section may increase with energy below 60 Mev,” 
while the emulsion data show it to be energy-independent. Hence two curves (Case A, 
Case B) are assumed for o,(w) below 200 Mev (see Fig. 1). Experimental data for 
the interaction of 250—300 Mey K* mesons with emulsion nuclei tell us that in this 
energy region the K-H cross section based on a very few events appears to be quite 


close to the value of 15 mb obtained at lower energies.” So o,(w) is assumed to be 
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Fig. 1. The K*-p cross section. 
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constant (=15 mb) above 200 Mev; however, this assumption is not so serious because 
the convergence of the integral (2-3) used here is very good. 

There has been no analysis of K~-p scattering, elastic and charge exchange, com- 
parable to what we have for K* just because it is too complicated. However, this is 
not so serious since in our dispersion relation (2-3) the contribution to the integral 
coming from K~-p scattering is fairly small owing to the large denominator. As to 
the charge exchange scattering, Ceccarelli” estimated a value of about 1 for the ratio of 
elastic K~-p scattering to the rest of the processes (charge exchange+absorption). If 
we accept this value, then K~-p scattering cross section (=o%+o%*) is given (see 
Fig; 2), 

With respect to o”(w) we assume the 1/k dependence since it seems that K™ 
mesons are captured from S-states. ko”(w) then is put equal to about 7 (K meson 
mass unit)” below 200 Mev and smoothly extrapolated into the unphysical region (see 
Fig. 3). Contributions from this region, however, is rather small. 

With these data together with the assumptions i) ~iv) it will be analyzed if we 


can obtain some information about the K-coupling in § 4. 
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the unphysical region, 


$4. Analysis 


The assumption iv) determines D..(w) except for their sign. 


We if} pe ae! — 
D = —_ | O (w) k » tot 9 
s@) S457 So of)" (4-1) 


where W and k 


» are respectively the total energy and K mes : 
on momentum in : 
of-mass frame. the center. 


The sign of D,(w) is minus by the assumption iii). However, for 
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D_(w) the sign plus or minus depends ‘on whether K--p interaction is attractive or 
repulsive. D,(w) are calculated for Case A and Case B at two energies 50 Mev and 
80 Mev and are listed in Table I. 


Table I. Value of D,(w) 


eee 


RSE: | Cae | Case B 
0 Mev (w=1) | —0.75 | — 1.33 
50 (1.10) ~1.09 | 2137 
80 ( 1.16) | =1.28 | es 


Accepting the value of k,o”” to be 7, we get 
Dat) = 22 26. (4-2) 


Hence the first term on the left-hand side in eq. (2-5) can be evaluated. See Table II. 


Table II. Value of 1/42 {D,(w) —$(1+0) D, (1) —$(1—@) D_(1)} 


| 1/k2 {D,.(w) —} 1+) Dy (1)} — a) (10) D-), 
Case A Case B Case A | Case B 
50 Mev (o=1.10) | —1.44 | 0.38 | +0.54 | +0.54 
80 Mev (w=1.16) 135 | 0.37 | +£0.33 +0.33 


The integral in eq. (2:5) can also be numerically calculated with the cross section 
assumed in Figs. 1, 2 and 3. With this dispersion relation the contributions above 


w~4 (K. E.~1500 Mev) amount to less than 5% owing to a rapid convergence. By 


defining 
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next table can be obtained for the Case A, B at 50 Mev and 80 Mev. 
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Table III. Value of the integral. 
KE Xv) | Xe) | Xalo) | 42X/(o) | (1/422) {X,+XotXs+4eXF 
5 1.27 (Case A) 
= 27.88 (A) | 1 1.94 627 as 
ee ol cet a | cai 0.40 (Case B) 
| ; — 4 Case A) 
= eee | 6.30 p Bp | —5.81 —" 
ae ras 8 tiediailln 5:43 (B) | a 0.37 (Case B) 


i i ————0 


Table III shows that the energy dependence of the K’-p scattering cross section at 


low energies have a large effect on the dispersion integral. 


2F can be calculated with the aid of Tables II, III and eg. (2-5) and is listed 


in Table IV. 
Table IV. Value of 2F. 
| Case A Case B 
K. E K-p K-p 
attractive repulsive attractive repulsive 
50 Mev —2.39 —3.58 0.57 — 0.62 
80 Mev —2.45 —3.21 0.39 — 0.37 


§ 5. Conclusions and discussions 


As was discussed in § 2, positive (negative) F means the pseudoscalar (scalar) 
coupling. By using the relation (2:4), 


2F = —1.01 fy, —0.64 faz ss. case 


= 0.062 fx, +0.060 fy; ps. case, 


the following conclusion can be derived. Repulsive K~p interaction favors scalar type 


for K-baryon coupling, the coupling constants being the order of unity. 


seems to be independent of the energy dependence of o, (w). 


This conclusion 


For attractive K~-p interactions, the conclusion is dependerit on the low energy 


behavior of 7, (w). When the low energy K*-p cross section increases with energy 


(Case A), the scalar type is probable and its coupling constant is of the order of unity. 
However, if it remains constant (Case B), the pseudoscalar coupling is preferable, and 
the magnitude of its coupling constant is ~ 4. 


The above analysis is valid even when KKzz interaction exists. 


As the forward 


scattering amplitude arising from KKz7 interaction is energy independent, this one is 
dropped in the dispersion relation used here. 


The author would like to express his deep gratitude to Dr. H. Miyazawa for his 
guidance and kind encouragement. 
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Conditions for the parity conservation: in the strong interaction are worked out under the assump- 
tion of CP invariance only. The required conditions are the following: Either (i) the Fermi type 
interaction Hamiltonian (eqs. (1) and (2)) should be charge-independent and its coupling type should 
be an arbitrary linear combination of s, t and p. Or (ii) the coupling type of the interaction 
Hamiltonian should be an arbitrary linear combination of s—p and +. 


$1. Introduction 


According to recent experiments, the strong and electromagnetic interaction Hamiltonians 
are invariant under the charge conjugation (C), space reflection (P) and time reversal 
(T), while the weak interaction Hamiltonian is not invariant under C and P, though 
it is not yet clear whether it is invariant under T or not. On the other hand, the 
strong interaction Hamiltonian is invariant under the rotation in charge space, while the 
weak interaction Hamiltonian is not. So far we have not yet clarified any connection 
between the non-conservation of C and P, and the non-invariance under the rotation in 
charge space in the weak interaction. It is still an open question which of the two 
characteristics—violence of charge independence or that of C and P—-should be regarded 
as the more fundamental. 

For the purpose of finding out a clue to this question, we make the following 
consideration: Assuming that the strong, electro-magnetic and weak interaction Hamil- 
tonians are invariant under combined transformation CP only, but not necessarily under 


the P- and C-transformation separately, we search for the condition that P and C are 
conserved in the strong interaction Hamiltonian. 


§ 2. Strong interaction Hamiltonian 


Fundamental interactions assumed in this note have the following form, 
H'= (PP) (PP) + (NN) (NN) + (PP) (NN) + (AA) (AA) 
+ (PP) (AA) + (NN) (AA) (1) 
H"'= (PN) (NP) (2) 


where the coupling constants of each term can be arbitrary, and 
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(AB) (CD) = > I; (f40i ») (b-O,4n) ag eS Yi, (b40i,) (beOirs¢p) Feds (3) 


g=p"r, (4) 
(* means Hermitian conjugate.) , 
P, N and A representing proton, neutron and A-particle respectively. The symbol O, 
corresponds to one of the well-known five possibilities of interaction scalar (s), pseudo- 
scalar (p), vector (v), axical-vector (a) and tensor (f). 
When the interaction is charge independent, the coupling constants of these representa- 


tions are related to each other and the interaction Hamiltonians have the following forms : 


A, =P G,, (GO7) (GO.7) +2: Gi, (GO,7.4) (C0757) (©) 
H,=>} bY Go, (GOe.b) (LO th) + a pe Gi, (GO, t i.) (POs73719) (6) 
Eas Ise (PrOwa) (PrOWn) se G36 (PrOwn) PnOirsa) (7) 
bap Je (POT) (Prin) a Gis (GOe oh) ORO n) (8) 


where 
bps 
Pasko 9) (9) 
If we make use of the idea of Sakata’s compound model” (ie. ==N+N, S1= 
A+N+N, K=A+WN and Z=A+N+N (where N stands for proton or neutron), 


which means that a 7-meson is considered as a compound particle composed of nucleon 
antinucleon, and so on), the above interactions will yield interactions between baryons 


and mesons, although properties of these interaction must be studied in more detail. 


§ 3. Condition of parity conservation in strong interaction 


First we can prove the following theorem. 


{Theorem 1| The parity non-conserving Hamiltonian of the type 
H=>' Ii (Psa) (Pn 2) (10) 


is not invariant under the combined transformation CP, if O; represents s, p or ¢; but 
it can be CP-invariant, if O,; represents v or a. 
(Proof) For the spin 1/2 field (x), the CP transformation is 


Piola) c= Sih * Caan i) f!* (x) =$ (—x, x) 5 (11) 
where 
$7,571 = —7 ih. (12) 


(7 means transposed.) 
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The expression ¢/,0,(/,, in the Hamiltonian should be properly antisymmetrized as 
3 (G0, — $08 ba) . (13) 
So the term $40,4)4 is transformed under CP to 
Py O4a~4 (LOLs ‘aa p07 hs) 
=} (457 OSGi — $4 SOFAS) 


=1+4 (b4OFP, — 0454) (14) 
where the sign of the last expression depends on the form of O;. If the expression ¢/,O;' 
changes the sign under CP transformation and 07, does not change its sign, the 
parity non-conserving interaction Hamiltonian (5) cannot be invariant under C P.. Thm 
is the case when O, represents s, p or t. 

Theorem 1 can be applied to the expression (1) but not to (2). If we assume 

charge independence, however, the coupling constant of the expression (2) is related to 
that of the expression (1), as indicated in the expression (6), and we get the following 
theorem. 
[Theorem 2] When the interaction Hamiltonian is charge independent and has the type 
of the expressions (5) (6) (7) and (8),*’ parity non-conserving terms cannot be in- 
variant under the transformation CP,**) if O; represents an arbitrary linear combination 
of s, p and ¢;***) but they can be CP invariant, if O; represents an arbitrary linear 
combination of v and a. 


From this theorem we get the condition that P and C are conserved separately in 


the strong interaction Hamiltonian. In this theorem we required that the interaction 


Hamiltonian should be charge independent in order to conserve parity in the strong in- 
teraction. 


But we can also show that, even without charge independence hypothesis, parity 
hon-conserving terms cannot appear in the interaction Hamiltonian if a particular linear 
combination of s, ¢ and p terms is chosen. For this purpose the following formula is 
useful. 


[Formula] The most general form of the direct coupling Fermi interaction Hamiltonian 
is the linear combination of the following terms, 


* For this purpose it is not necessary to assume that the interaction term (NN) (AA) is charge in- 
dependent. 

** Soloviev") restricts the interaction Hamiltonian to the Yukawa type and direct pseudo-scalar coupling, 
so he has not been able to forbid parity non-conserving strong interaction of K-mesons. 

** The representations (5) and (6) are not independent of each other when O; corresponds to all of 
the five possibilities, s, p, ¢, v and a. So, even if the type of representations (5) and (6) contains v and 
a, there are certain cases in which these representations can be rewritten in the form that the type of 
representations (5) and (6) corresponds only to an arbitrary linear combination of s, p and ¢. 
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H,= (9) G8), 
H,= (Vi7,F) Gir,8), 


H,=( ise i er) Xe (rat 7-9)9), e 


A= (Vir, 7,F) (Gi7,730) | 
H,= (Vi7,P) (Bird), ) 
K,= (OF) (G4), 

K,= (Di7,T) (Gi7 730) » 

le | 1 amy pa _ i As ae 

K,= ( Os Culssiairw) ves Gieiox For w) ro) (16) 
K,= (Vi7,7;F) Gi7,9), 

K,= (Di7,P) (Gid) . / 

If we now exchange @ and @ and define H,’ and K,’ by 
H/=(@P) (M%), etc. 


K/= (OF) (D0), etc., 7) 


: : gh ; 
then H,’ can be written as the linear combination of H,’s as follows :” 


sessile Pp yy. eH, vio Hyp pe A, 


4Hi==). 4H, +2H, + 2Ayo+ 4H; 
4H == --6H, + 2H, + 6H, 0? (18) 
4H! >—4H, +2H, HOPS 
4A Se EY BOF OS HOE — |; 


If we replace H,’s by K,’s we get the equations for K,!. 

From this formula we see that when we rewrite the interaction Hamiltonian 

(NP) (PN) in the form of (NN) (PP), the coupling type of (NN) (PP) is also a linear 
combination of s, ¢ and p, if the type of (NP) (PN) is an arbitrary linear combination 
of (s-p) and ¢. So we get the following theorem. 
[Theorem 3] When the interaction Hamiltonian is written in the form of equations 
(1) and (2), and the type of coupling is an arbitrary linear combination of s-p and 
t,*) no term can be present that would be CP invariant and would not conserve parity. 

This theorem is another condition which requires that P and C are conserved 


separately in the strong interaction Hamiltonian. 


** The coupling type s-p-t is invariant under the exchange of wave function VY and ¢. 


414 Gz vIso 


§4. Conclusion and remarks 


Summarizing, we can say: In this note we assumed that the strong, electromagnetic 
and weak interaction Hamiltonians are invariant under CP=T transformation only. The 
strong and electromagnetic interaction Hamiltonians, however, conserve parity, if there are 
the following conditions : 

(i) In the strong interaction, if the interaction Hamiltonian is charge independent and 
the type of coupling is an arbitrary linear combination of 5, p and ft, provided that the 
fundamental interaction is assumed to be the form of eqs. (1) and (2) ; or if the type 
of coupling is an arbitrary linear combination of s-p and +. 

(ii) In the electromagnetic interaction, if the interaction is gauge invariant.” 


It is very important to examine what coupling types appear in the Yukawa type 


interaction NNz and ANK when we assume that they are due to the more fundamental 
Fermi interaction (through the composite model) and further restrict the coupling type 
as in theorems 2 and 3. We do not enter into this problem here, but we should like to 
point out only the possibility that the coupling type of = and that of K are different, 
as can be seen from the representations (5)—(8) and Formula. 

The point of view adopted in this note is the following. We do not regard parity 
conservation or violation as a fundamental principle concerning the interaction of elementary 
particles: Parity happens to be conserved in strong and electromagnetic interactions but 
not in the weak interactions. The former cases can take place only when the number 
of each kind of particles participating in the Fermi interaction does not change. (Notice 
that we are discussing the interaction based on the Sakata model of composite particles 
with which the fundamental constituent particles (N and .1) can change only through 
weak interactions.) Charge independence is valid under the same condition, so that 
charge independence and parity conservation may have some connection. We have a 
feeling, however, that the connection between parity and charge space or strangeness is, 
if any, relatively loose, as is suggested by the present analysis. It seems to us that what 
is essential in the classification of interactions into strong and weak ones is not whether 
the interaction conserves parity, but whether fundamental particles change their nature : 
The strong interaction happens to conserve parity and strangeness, for the fundamental 
particles do not change their nature. And the weak interaction can neither forbid parity 
hon-conserving terms nor conserve strangeness, for the fundamental particles change their 
nature (N+>/1). 

I should like to express my sincere gratitude to Prof. Z. Koba, Prof. S. Hayakawa, 
Dr. Z. Maki and Dr. S. Tanaka for valuable discussions, and especially to Prof. Z. 
Koba for kindly inspecting the manuscript and giving comments. 
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The effect of the electron-phonon interaction om specific heat and spin paramagnetic susceptibility 
of conduction electrons in metals are investigated using the method proposed by the author in the 
Previous paper. Calculations up to terms of the second order of the interaction Hamiltonian show 
that specific heat is increased and spin paramagnetic susceptibility is decreased by the presence of the 
electron-phonon interaction, and the effect is much larger in the former than in the latter. 


§ 1. Introduction 


In the previous report,”* a statistical mechanical treatment was developed concerning 
the interaction between a system of conduction electrons in metals and quantized thermal 
vibrations of the ionic lattice (phonons). The treatment given there was limited mainly 
to the clarification of roles of various terms which appeared in the calculation up to 
terms of the second order of the interaction Hamiltonian. In this second report, the 
effects of the interaction on the electronic specific heat ;T and the spin paramagnetic 
susceptibility 7%, are investigated in detail following the method developed in [I]. The 
problem of the electronic specific heat has already been dealt with by Zimmermann,” 
Buckingham-Schafroth” and Kaschluhn” from a standpoint similar to ours. Among their 
results, however, there are some discrepancies which may be the consequence of the dif- 
ferences in their methods of approximation. Unfortunately, we cannot decide here which 
of their results is the most appropriate one, but to present the result of our treatment 
which is based upon a straightforward perturbation expansion will serve to remove these 
uncertainities to some extent. Our result agrees essentially with that of Zimmermanns’. 

The inter-electronic interaction which is taken into consideration in this paper is 
the effective electron-electron interaction induced by the electron-phonon interaction. The 
Coulomb interaction between electrons is neglected in the present stage. Because of this 
simplification, our results cannot be compared directly with experiments. It will also be 
noted here that the theoretical values of 7 and 7%, which are given by Pines’ theory 
might not be satisfactory either, since in his treatment only the Coulomb interaction is 
taken into account and the effective electron-electron interaction which will be investigated 


here is neglected. To investigate both effects at the same time a careful treatment of 


* We refer it as [I]. 
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j : 9) : 
cross terms will be necessary. As pointed out by Bardeen and Pines,”’ we must revise 


the interaction Hamiltonian itself used in the present treatment, considering the Coulomb 


interaction. 
Specific Heat of the Electron System 
§ 2. Fundamental equations 


The total Hamiltonian of our electron-phonon system is given by ({I]—(2-2)) 


N= Mgt tortion 
= SExy? ay, + Shb5q by by 
Kk 7 


&=—"#, k=|kl, 9=I4 
2m 
= TV a (ba dics q4x—bq" tig 4n) (2-1) 
ee? | 


Pe 4 E 0s oN 
F,=3C?/80,Ms", €,=- Hs 
2m 


Mb pH=aS Ex ay* de Fe Gg) >19 bq by 
k qd 


ks k,=27(3N 8zV)'* 


where J6, is the Hamiltonian of unperturbed electrons and phonons ; 2%, is the Bloch- 
Bethe’s interaction Hamiltonian between electrons and phonons ; X%» is introduced to 
renormalize the electron mass and the sound velocity. Notations in these expressions 
are the same as in |I], except for slight alterations. 

Using this Hamiltonian, we define the grand partition function = by 


= =Sp {exp (@t 2'4,* a,) exp(—f26)}. 


Expanding the operator e846 in powers of the operator Hi +H ep, we can rearrange 


our grand partition function in a form 


where =’, is the grand partition function of unperturbed electrons and phonons. In the 
approximation to the second order of J6,+JI6 x, we get the grand partition function =“ 
of the electron system in a following form, ({I]—(2-1), (2-4)) 


& == Ei") exp (624,) 


EO = /T {1 +expP (C—&,)} 
ke ‘ 


* The notation was used in [I] for the chemical potential of the electron following Prof. Mayer’s 
text book. To avoid confusion with fo, which will be used for the Bohr magneton, we will use the nota- 
tion ¢ in this paper in place of 4. The notation of the effective mass m* in [I] is replaced by m for the 
sake of simplicity while mo is used for the true electron mass. 
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4 
pA,= MELTS OG, K) fief (2-2)* 


1 


fe 1 exp {B(E,—0) \ 


O(k, k') = 7 x. 
) (ki? —k2)?— 02g? (2-3) 


=| Sk = 9,5 6 = 2ms/b. 


The phonon part has been separated by making use of the renormalization conditions 
for the sound velocity s and the effective mass m ({I]— (4-2) and (4-3)), given by 


4mI'? 
=2PaS'&, f+ 2 Ss q =0 2-4 
fe rece (2-4) 
| zal epee (k’? — k2) e: 
— 3b (s,—s) S\qN, + SS ae N, f= 0. Des 
y 0 5 qN B pay (k?— 2)? 6? uhh ( ) 


The Helmholtz free energy @ of the electron system is obtained by the relations 


@=NC—KT log 5 (2-6) 


N=nT log 2°. (2-7) 


= 


Hence the specific heat Cy, of the electron system is given by 


Restle Se yal « =1(+ aT tor ap! 1°8= Sse are ame) 


where S is the entropy and (0X/0T)., means to differentiate X with respect to T 
under constant ¢ and V. In carrying out the above mentioned differentiation, the 
temperature dependence of m, s and /#*A, must be considered. The evaluation of these 
quantities at O°K given in [I] is insufficient for this purpose. Of these three quantities, 


m and s can easily be shown to have temperature dependence given by a factor such as 


(1+a(«T/6,)? +a! (KT /o)*+--), 


where a’s are numerical constants. Then we know that their contributions to Cy are of 
the order F(o/k,) and are very small compared with that of /°A, as will be shown 
later. Hence they can be neglected in eq. (2-8), that is, m and s may be treated as 
constants given in |I]. 

Eq. (2-8) becomes 


CP ns aie all Cy? 


* In the present paper, the summation 2 which will be used hereafter does not contain the spin 


summation in contrast to that of [I]. 
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CO = gays Ke ze Ke Te) (2-9) 


2f, ee 
cor. (fo94),). HSE A), 


where Cy is the specific heat of the usual free electron gas. Modifications due to the 
shift* of £, by the presence of the interaction can also be neglected. The evaluation of 


the additional term Cy,“ will be given in the next section. 


§ 3. Evaluation of C,” 
BS aieanricy BA, in (2-9) or in (2-2) can be written as 


4¢,Fo° 


BA, = yy 


A 
= 2.0"| dk | dh! OC, B) fiche (3-1) 
2R=V/(27)*, q=|k'—k| Sq, 


where the summation 2 papa has been replaced by the integral 2 &"\die\ dh’, and Fo is 


substituted for F,o, as in “a. Hence the formula for C,“ is given in the following 


form, taking m and s for constants as has been mentioned in the previous section. 


\ 


fade | dw OC, W)(—2( 9 ffir) ). 
ce k| <q, 


274 <i f?? 
C= 7S 0 


Then we have 


Cp = Boor ee 


Es (=e +1) +82 (Ly +L,'+L,)1, (3-2) 


where 


L,=2 | dik | fe! D (ke, k’) re (Ee — 2) (Exe 2) Ix Dice 


(|k’—k| <q) 
L=2 | dk | dk’ D(k, k!) 8 (Ex—C) Prefer (3-3) 
(ee 


L.=—4 | dk | dk’ Ok, Kk’) 8 (Ex —-2) cfr 
( enelaang 


* Apart from the change of €o from the ideal gas value through the renormalized effective mass of electron. 
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L/=2|dk| dk’ Ok, b)8 Ex—O) dud 
(|k'—k| Sq,,) 


Lf =2 dk | dh! OCR, Kl) 8Ex—E) haf (3-4) 
Caw) 


Li=—2) dh\ dh! O (he, BW) 9 fs 
CF ios) 
and 


De F) ny. exp [3 CenG)ile : 
0 (82) (1+exp[2(€.—2) J)? Gr5) 


fp Fp, cor Er—e MMe 8 —F)]—D) 
0(Pe)? (1+exp[8 (€,—¢) ])° 


he 


Evaluations of these integrals are given in the appendix I. The main contributions come 


from L,, L, and L,. Retaining only the largest terms of the order T' and T*, we have 


CMa NZX. (yr T 
C, 2 


a4 4 J Hil ges 3 
MNES ey RH fog 2 |= eel, \T* 3-6 
BROT ( ) S g( ie Diage ; ( ) 


The first term gives the correction to Sommerfeld’s specific heat coefficient 7“ and the 
second term shows the appearance of a new T° term. This T° term is larger than the 
ideal gas term —3N7‘x*T’/20¢,° by a factor of the order (€,/«,)*, but it is small 
by a factor of the order «,/€, compared with the lattice specific heat. 

Then the Sommerfeld formula is modified as follows. 


Cr= FO 47) T 


any aoe (3-7) 
ue = (4v) "SF, 


If it is allowed to assume the convergence of our procedure, it can be said that the 
electron-phonon interaction increases the electronic specific heat without destroying its 
linear dependence on temperature in the ideal gas case. Or, in the language of the one- 
electron approximation, the electron-electron interaction induced by the electron-phonon 


interaction increases the effective number of electrons which take part in thermal excita- 


tions. The result 
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pT (1+ 1 (42)'"F) 
coincides essentially with that of Zimmermann’s 
/ il “es 
rT |(1—+ (4x) *F). 
EEE Soe ) 
Numerical results will be discussed in § 6. 


Spin Paramagnetism 


§ 4. Fundamental equations 


The general treatment of the interacting electron gas in a magnetic field will be a 
very complicated problem. Here we consider only how the spin paramagnetism of the 
electron gas is influenced by the electron-phonon interaction. 

When the homogeneous magnetic field H is applied in the zdirection, the total 
Hamiltonian of our electron-phonon system becomes, by neglecting the orbital magnetic 
part, 


H=H +H +H p 
= S1E,a,* a, + S1bsq b,* by (4-1) 
= qd 


Pre 
é,=- ” #+,0.H, r= ({k, o.), Maso, 
2m 


where o, is the zcomponent of the spin angular momentum of an electron in the unit 
of 6/2 and takes the value 1 or —1; 2, and 26, are the same as in (2-1). 

Now, from the general formula for the grand partition function = of the total 
system, 

5 =Sp {exp (8¢ ¥'a,* a,) exp(—26)}, (4-2) 
the grand partition function of the electron system = can be derived ey a procedure 
similar to the one used in paper [I]. 

5O= BY exp(—PR,—AR, +? (4,+ 4, +A,)) (4-3) 


where 
=°= IT (1 +expl3 (€ —E,— 4H) J) (4-4) 
X (1+exp[8 (¢—& +H) ]) 
R, es En (fic thr) 


- (4-5) 
R,=b (5)—s) SiqNg 
q 


94 —_ 20 i 
fA,= aa pa Ste Baas Cf? +h) 
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A =_2ml ghee) Sa eee 
oe Saige Nahe He) (4-6) 


A te 2m]? o =] q° a ‘s a ae 
2 2 > q (k?—k)?—o¢ (fic fre’ + fr fur) 


and 


See L 
fr 1+exp[P (&,+/4H—f)] | a0 


Making use of the Taylor expansion of f;,*, 
fie = fie (Btu) Jt —— (Btn) *hy (4-8) 
we can divide the above quantities as follows : 
Ro=RY +R”, 
A= Ay” + AVP scetc., 


0) 0 A We é 
where Rj”, A§”, etc., are the ones at zero magnetic field and coincide with R,, 4,, etc., 


given in paper tn. RY, Ai’, etc., are given by 


Ry? = (HY a(R)? Eabr 
Se k 


AD — fo HY G (BC 1 q 
BE)? 21> 
=( fe a k?’—k’+oq (4-9) 


HY e (k’?—k?) = 
“cdi G(8r es be eae | N, hy, 
I é ) (BC ¢ (k?— k?)?—o7q? oh k 


=f fet! ¥ * 7 
Ayr = a ) Go (fz Nigeod: 212 (hk? —B)?—0? gg (fhe Ay, fcr +29 ar) 


eee 


Here we impose the same renormalization condition as in the case of zero magnetic field, 
i.e. eqs. (2:4) and (2-5) which in the present notations may be written as 


— BRS” + B?As” =0 
— PR, +4 =0. (4-10) 


The choice of this renormalization condition is arbitrary in principle. We have chosen 
the above one to avoid m and s becoming H dependent. 


Hence the grand partition function =‘ becomes 


FO Fe exp[ —PRS” +? (Af? + AV + AyD) + 8AS”] (4-11) 


— ey 


with the same values of m and s as in § 2. 
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The first and the second term in the exponential of eq. (4-11) are the additional 


terms coming from the influence of magnetic field. 
The magnetic moment of the electron system is obtained by the equation 


/ , a =(6)1 , 


Hence we have 


M=M+4+M (4-13) 
Mo= fr log =~) 
0H 7 
Mo=(—°_(_—RP +BAS? + BAY+4 BAS]) (4-14) 
Clal ASS 


In these formulas (0x/0H).» means to differentiate x with respect to H under 
constant € and. T. Then the susceptibility defined by 


1;,=M/VH (4-15) 
becomes 
Le (4-16) 
MO 3 pe / m xT \2 
(P= = —_ nn“ (1- —)+---), (4-17) * 
VH 2 C5 ( 12 ( Co ) ) ( ) 
n=N/V 
1 ) . 
(P= ( —R§?+ BA + BAY 4 BAUD ; 4-1 
ar TE , te BAS + BAS ye (4-18) 


Oye ‘ ‘ : ee : 
X is the Pauli spin paramagnetic susceptibility. 7 is the additional susceptibility 
which results from the electron-phonon interaction. 


A 


§ 5. Evaluation of 7 


. 1) W ] * . 
Evaluations of R§”, A, AS and AS™ are given in App. II, and we find that 
orders of magnitude of contributions to Y™ from these quantities are as follows. 


RV? ~ YO - F (o/k,) 

AS? ~ YF (o-/k,) 

A ~ 1. F (o/ky) (T/Oy)4 

AV ~ 4 .F (o/ky)?. ae 


* The shift of ¢) can also be neglected as in Cy-(). 
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As may be seen clearly from these estimations, the contribution from 4, which 
formed the main part in the additional specific heat is now negligible in comparison with 
those from R§” and BAS”. Retaining only main terms, we have 


~ yee). (5-2) 


Then the spin paramagnetic susceptibility at O0°K becomes, in our case, 


eo PAE KG} oe 


Ls) = 3npy'/2E,. 


— be gains? 
pare es (204 F ( 


The correction term is very small owing to the factor o/k, which is of the order 


107-°*~10~ (See eq. (6-4)). Numerical values will be discussed in the next section. 


$6. Numerical results and discussions 


As mentioned already, formulas (3-13) and (5-9) will show, if our perturbation 
procedure converges, how the specific heat and the spin paramagnetic susceptibility of 
conduction electrons are affected by the presence of the electron-phonon interaction. The 
discussion of the convergence of this perturbation expansion is so complicated that the 
complete treatment will rather be impossible. Here we are forced to be contented with 
assuming that the perturbation calculation up to terms of the second order of the interac- 
tion Hamiltonian gives a good approximation in the case of the metals for which the 
parameters (4¥)'°F are smaller than unity. The estimate of this parameter will be given 
in the following. 

Bloch’s theory of electrical conductivity of metals which is based upon the same 
electron-phonon interaction Hamiltonian as ours, shows that the resistivity / at room 


temperatures T. is given by the formula 


— Es Fable (6- 1) 
2 e “Gm Co 
which leads to 
: ) N. 1/3 e 23 
DP Eco cad irs (6-2) 
COT rec Fe) ZEEE 
21244 cet tn c.g.s. units. (6-3) 


we et 


The additional specific heat coefficient 7? in eq. (3-7) can be evaluated directly 


from experimental values of because it is determined only by the factor (4¥)'°F/¢, 
given in (6-3) as can be seen easily. For the determination of the additional suscepti- 
bility 7{°, it is necessary to know the values of another factor o/k,, for the evaluation 
of which experimental values of the Debye temperature O,, are needed. We use the 


relation 


424 H. Ichimura 


(if savilon (gy el (6-4) 
k, 2 Co 
and hence 
’ 1 = 9h 
P(E a (a (6-5) 
( k, ) 2 ( fo = 


As is well known, ¢, contains the electron mass which is in our treatment essentially 
equal to the effective mass that represents the effects of the periodic field of the lattice. 
For alkali metals, the theoretical values of the above mentioned effective mass given by 
Brooks,” and for Cu, Ag and Au, those values by Kambe’ can be used. Numerical 


values of various quantities discussed above are given in Tables 1 and 2. 


Table 1. The upper values* of p are observed at 20°C and the lower values** at temperatures 
given on the right-hand side, and corresponding values of quantities (4v)!/F ¢9 in Table 1; 
(4v)13F, F(o/ko), in Table 2; 7/7, x,©/z, in Table 3; reatc. Zscate, in Table 4 
are also given on each lower side. 


ir i ¥ ; mom A 770 | 
V4 0 9p (4v)'P Filey | 
| c.c./mol 10-!5 esu “K 10'* ti 
Li 13.0 jk ganas, 350 0.325 1.45 
Na 23.6 | 0.054 158 0.143 0.98 
0.024 150°K 0.126 
K 44.7 0.079 99.3 0.168 0.93 
0.016 80°K 0.126 
Rb 55.8 0.15 60 0.302 0.89 
0.021 50°K 0.252 
Cs 71.0 0.22 25 0.407 0.83 
0.021 35°K 0.330 
Cu yes 0.018 339 0.072 1.017 
Ag 10.2 0.018 225 0.063 0.990 
Au 10,2 0.025 165 0.088 0.994 


ee ee 
* By J. Bardeen Phys. Rev. 80 (1950), 567. 
** By Handbuch der Physik XIV (1956) p. 175. 


The large difference of the magnitude between values of 7/7“ and 7/7 might 
be seen curious at first sight, if we consider that both 7 and 7, are determined by the 
level density at the Fermi surface in the theoretical treatment based on the one-electron 
approximation. However, inspecting the course of our analysis, we can find that the 
modifications of 7 and 7, arise from two origins, and one of which makes a marked 
difference between 7/7 and 1/1. One of the origins is the shift of the one- 
electron level! due to the interaction and the other is the temperature or the 
magnetic field dependence of the interaction energy of the system as a whole. The 
former gives the effects of the order F (o7/k,) in both cases. The latter origin which 


' This is given by eq. (2-4). 
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Table 2 
ee 
| fe | | 0) | 1400) 
£0 4y) 1/3 | r 5 
. | 107° erg Gy yen Ee F(o/ko) 10~4 cal/mol 10-° c. g.s./mol 
Li 5.196 | 1.677 0.00785 rera4 — || 15.00 
| 
Na 5.166 0.726 0.00157. 2.629 19,09 
0.637 0.00138 
x 3.558 | 0.582 0.00115 | 3.816 | 21.91 
| 0.436 0.00086 
Rb 3.206 | 0.976 0.00125 4.236 24.32 
0.813 0.00104 
Cs 2.927 | 1.191 0.00070 4.639 26.63 
| 0.965 0.00057 | 
Cu 11.085 | 0.814 0.00168° 1.225 7.034 
| | | 
Ag 8.948 | 0.558 0.00098 1.518 | 8.71 
Au 8.912 0.778 0.00100 1.524 | 8.75 


depends on the occupation of the pairs of the one-electron levels have very different 
effects on 7 and 7%, respectively corresponding to the differences in the modification of 
electron configuration by the temperature agitation and the modification coming from the 
influence of the magnetic field. 

The usual method of estimating the effective mass of the electron in the periodic 
field of the lattice, from the observed value of 7 by the Sommerfeld formula, should be 
revised by taking into account this 7“ together with the correction term 74, resulting 
from the Coulomb interaction to be discussed below. 

As shown in the second column in Table 2, the magnitude of the parameter 
(4¥)’/°F cannot be said to be fairly small. For Li it is particularly large. Here, how- 
ever, we can say nothing about the precision of our approximation as has been mentioned 
in the beginning of this section. For that purpose, at least the evaluation of the fourth 
order term of the interaction Hamiltonian will be required. 

The contribution of the additional susceptibility 7{ is about 1%, and this is con- 
sistent with the fact that Pines’ 7%, which considered only the Coulomb interaction show 
excellent agreement with experimental values for Li and Na. 

The effect of the Coulomb interaction on 7 and 7%, has been investigated by Pines” 
by using Bohm-Pines formalism, and for 7 there is another treatment by Matsudaira‘ 
basing on the same starting point as Pines. Here we do not reproduce their formulas 


in detail, but their results can be written as follows, 


y=7 1 +4,) (6-6) 
=U (1+4,), (6-7) 
where 4.. and 4, take the numerical values in Table 3. There are some discrepancies 


between the values by Pines and those by Matsudaira, but we cannot decide here which 


is the appropriate one. 
When the effects of the electron-phonon interaction and that a the Coulomb interac- 
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Table 3 : 
72/7 O X51) 256) 4,P* A Ax 

_ ‘Li Si 0.8385 —0.0290 —0.16 — 0.480 0.623 

Na 0.363 —0.0058 —0.10 — 0.403 0.325 
0.3185 —0.0051 

K 0.291 —0.0043 —0.07 —0.399 0.259 
0.218 —0.0032 

Rb 0.488 — 0.0046 —0.05 — 0.393 0.182 
0.407 — 0.0039 

Cs 0.595 — 0.0026 —0.04 — 0.376 0.132 
0.483 —0.,0021 
Cu 0.407 —0.0062 
Ag 0.279 — 0.0036 
Au 0.389 — 0.0037 


* 4,P means the values by Pines?) and 
** 4M means the values by Matsudaira*) 


tion are considered at the same time, there will appear some cross effects. These effects 
are very complicated and we cannot enter into their investigation now. Here, however, 
we want to use tentatively following formulas for 7 and 7%, which can be obtained by 


merely combining these effects without considering cross terms. 


r=7(14+4,4+—— (42) °F), (6-8) 
> 
__44(0) A 2h Me lad be Se. ¥ : 
11144, =( SR mk | )). (6-9) 


The values of 7 and 7, given by these formulas are shown in Table 4. Unfortunately, 
the experimental values of 7 and 7, suitable for our purposes are very few and we cannot 
test even the qualitative tendency predicted by these formulas. 

From (6-9) and (6-8) we obtain 


Heeaes( Mo pp ra Chu ALD 4)" ) F(a ky) (6-10) 
ie 1 


1+4,+1/2- (4v)'*F 


THK 


This formula shows the deviation of ¥,/) from the ideal gas value 3 (44,/7«) =1.37X 107° 
(in c.g.s. units) which is a universal constant. The values of this quantity for alkali 
metals are plotted in Fig. 1 together with the values by the formula 


Hs 3( Mo \ 1+4y 
: 3( _ ) (6-11) 


1+4, 


which contains only the effects of the Coulomb interaction. The abscissa in Fig. 1 is 
the values of dimensionless parameter r, defined by the relation 


47 (1, ay) */3 =V4/N, 
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where a, is the Bohr radius and N, 
is the Avogadro number. Among 
these metals, scdium is the only 
one for which experimental data can 


be used .for the test of this relation. 

For Cu, Ag and Au, observed 
values of %./7 are very large compat- 
ed with the ideal gas value. There 
might be some possibilities that the 
terms 4, and 4, in eq. (6-10) will 
account for this discrepancy, though 
there are no available data on these 
terms for the above metals. How- 
ever, considering the ambiguities in 
the determination of 7¥, for these 
metals, we cannot place so much 


confidence on these observed values. 


/ Calplene 


(%5/7)ineat 


427 


Rigagle 


(1) by eq. (6-10), 
xX Experiment for Na 


(2) by eq. (6-11), 


Table 4. y and %, are calculated by eqs. (6-8) and (6-9), where for 4; we have adopted 4? 


in Table 3. 
itu . oe ““—=* 
Tobs. Teale. | Xs obs. | Xs cule. (45/7) obs. | (%s/7) cale | 
} 10-4 cal/mol | 3 10~°c.g.s./mol cd (%5/7) ideal | (C4 j)99) ideal | 
ae 4.386 26.37 23,907 0.949 1.932 
Na 4.3 3.320 22.54 19.904 0.914 1.045 1.472 
3.202 19.915 | 1.084 
K 4.612 DDH | 1.029 1.344 
4.381 27312 1.086 
Rb A 6.091 28.625 0.819 1.244 
5.744 28.645 0.864 
Cs Wf VAL 30.061 | 0.735 1.178 
6.596 30.075 0.794 
Caren 1.78 *1.724 22.25 6.991 | 2.179 | *0.706 
Ag —-1.60—1.64 *1.942 32.36 8.681 | 3.525—3.661 0.779 
Au GY *2.142 43.01 yack Ne Boy = satya 


eS 
* The values of y and %, for Cu, Ag and Au do not contain the effect of the Coulomb interaction. 


** The last column shows the values of (Z,/7) cale./ (4/7) ideal in which the theoretical values are taken 


from Pines’ result. 


Summarizing the above discussions on numerical values, we are inclined to stress, in 
spite of some ambiguities in the theory and the experimental data, that the influence of 


the electron-phonon interaction on specific heat and spin paramagnetic susceptibility of 
To estimate the precision of our 


metals is not so small as can be quite neglected. 


theoretical value for 7, the calculation of the 


Hamiltonian is desired. 


fourth order terms of the interaction 
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kindness to give his results before publication and also to Prof. F. Nakano of Nagoya 
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Appendix I. Evaluation of Integrals in (3-2) 


(el andete 
=? | ad | dk’ O(k, ’)2(Ex—L) (Ex —2) Ie Is 
g=\q\ =k —k| =2..> 


1 


Be i= 7 net ; oa 
(k? —k*)?—o?'¢? : (1+exp|3(&.—2) |) G +exp[—(&.—*) }) 
(AI-1) 


The integral L, can be evaluated easily by making use 
of the 0-function like property of the function 4;,. We y, 
transform the integral die \ dk’ to | dx | dy | de by the 


following relations 


g? =k? +k —2kk’z, z=cost 


B(Ex—£) =x or R=k (1 +=) 
Bee 


V/ 


8 Exp — CO eas he =k? 1 A 
ae fg Gas, Fig. 2 
Bre 
—p?=—r. } 
peas (AI-2) 
We obtain 
re «o a 1 
4x° Fa ha ° 
= sae ( d 
a8 (Bey? \ x9 (x) de \ 99 (y) dy \ dz 
pg 5 ae Zn 
x kk’ (1 — PAG Sen's 
OG =n i= Ga Ea) st 


where z,, corresponds to the maximum value of @ with fixed k and k’; 
wh = te i e ee 2kk'z,, > 


and we have used the relation 


4 giv cloning ( r (k?— ke)? ) 
(k? —k®)?§— 62g? o (k?—k2)2— og? ; 
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The function 9(x) is 
1 
(1+e’) (1+e”) © 


g(x) = 


After the z-integration, we get 


anki 
(eee te : | x9@) de | 99 (dy 
o* (BC)? 
— Pe = its 
x( Ge Sul) LCi das lo | (y—2)?— 0? (BC)? (RB) 7/8 | 
2 2(GC)Poo | Ci) ee Om 1) 
(AI- 4) * 
where the relation 
PCO / k2= O/T (AI-5) 


is used. 
Now we make following approximations considering that the main contribution comes 


from the neighbourhood of x=0 and y=O owing to the presence of g(x) and g(y). 
We replace — §¢ with —oo, and expand k, k’ and logarithmic function in the integrand 


in powers of x/ff, y/BC or x/PKO,, y/BKOy; 
5 A ag boy ale Level. 
i —k=k _ ai 2 ( rae 
Se peed shy gph) mains abge pray) 
log| (y—x)?—0? (BC)? (k’ —k)?/k'| 


= 2 log (y—x) = ; (+) G-+ ie (y+) +) 


log | (y—x)?— (90/T)*| 
=log (Oy/TY*=> (T/ Op)? (yx) Pe 


Retaining only the first terms of these expansions, we get 


a” 


ae haercacll (y—*)?xy 9 (x) 9 (y) dxdy 


Gia 
=) Gea) 


: ( VG ) teal | (y—x)?xyg (x) 9 (y) dxdy} .  (AT-6) 


(y—x)*log (y—x) «xy 9 (x) 9 (y) dxdy 


Making use of the formulas 


* In this integral and in similar ones which will appear afterwards, we use the principal value evalua 


tion where the denominator in the integrand becomes zero. 
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2 


2 


|e 9@)dx=0 \ xy (x) dx= 


aaa; i 2,:--) 


and the approximation 


\| \7O-9" log (y—x) 7 (x) y (y) dxdy=0, 


—-o 


we have 


eet ie Z ee eee: oak co) 


o° (BC)* : 
7 Sarr {= (Fr ) G >) 
2 = ( =) ( 3 Ytog( 7) f. (AI-7) 


The first term can be neglected compared with the second. Then the final result is 


5 2 2 iis : Op 
8YFo? 6,2 L=N 2 (4r)1" ‘pT log ( L 
BINGE 3 fo (Op) T 


(Al -8) 


The evaluation of L,! can be done in a similar manner and we find that this gives no 
contribution of the order under consideration due to the appearance of the factor x(x) 
X9(y) in place of xyy(x)g(y) in L,. 

Girt. andaLy 


L,=2| dh | dk' O(k, k’) B (€.—C) * bac fier 
q= |k'—k| Sqn. (AI-9) 
The evaluation of this integral is considerably tedious. We substitute f with its 0°K 


form lim neglecting the temperature dependent term which comes from this part. Trans- 


forming | ate dn back to 


| die aq, we see that the presence of f}:) is equivalent to 


the following correlations among the regions of the variables k, g, and 6 (Fig. 2). We 
have 


co Im 1 
Lisi6 mbeabenicat: Kk) B2 (Ey —C) hg flO 
0 —1 
aa 1 Rae ab Sey E+dm dm 1 
=sort{[ | wat for der | [ff | f+) ff] 
0 0 =f. J, 0, =3 koe lke F bk 


X D(k, WY PEO) E> Gn) 
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dm 1 :k+am Gm 1 


x O(k, k’) #(Ex—0) ha (F< an) (AI- 10) 


where z, is given by 
e=g@tk— 2kqz.5 
and 


O(k,k’) =— cae =a 
( ) 2o Gee ene 


The function h;, is very small except in the neighbourhood of k=k. Hence the first 
term in the case k>q,, can be neglected and the difference of the lower limit of the 
k-integral between both cases becomes immaterial. After the z-integration and subsequent 


rearrangements, we get 


L.= - (JM 4JP4I) 


k—k 


E 
Jo= |? 2 (&,—C) 2h, kdb | A *da( tog 4 dice re) 
t i k ek 
JOx |* (G.-C) 2h, idk | ip *dg( log, a re +g epee) 
k—k 
a “i 2k Bae 
yon (ort | AAS ong EE) 
h—k 
(AI- 11) 
The q-integration can be carried out easily as follows. 
| gloglg + 4ldg=— 5-9" loglg +4 
<4 {tg 4 garg —Alogla + Ait. (AI- 12) 


Then we change the variable k to x as in eq. (AI-2), and utilize the above mentioned 
behaviour of h(x). Considering the expansion of k in powers of x/fC, we get 
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zo i) 
j= ae | *6@) dx (terms of the order (2) (AI- 13) 


and the contribution to CY from this part turns out to be of the order 


Now we combine the first terms of J® and J, and get 


p2 es 2 1 : = a y.. Hak 
ope \ b(x)de\| 4, + 2kg,, + 4k? log 2 | 


Toe =) [Ha 28+ Ab log Ao 4 at _] 


+0((3-) )} +009. (AI-14) 


The contribution from this first bracket vanishes because of the presence of 4(x) and 
from the next we obtain a contribution of the order 


ae en 


+0 


te Cy: 


Combination of the second terms of J® and J yields 


L2 0 Im oa Im 


ee | | 8 be) x | dp | AQ) | a4 Xlog 2 = = 


— Im k— 


\ eb) de} 2 (1.8 Ym +e < aay 
ta * 8 > 


\2iN 


tac + (cae) loslant—(5-))) 


i k k—k+ (k°x/o 87) 
— k—k “al $$. sort } > 
3 (( ) "log, E—k— (Bx/oBe) | 


+ Pea os( Per &-9r-(22))) 


= rir oy \. h(x) dx 
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DP Te FT TAY 
( 9 ) 5 cw tis Bike ds 


ets fe logxh (x) dx| +. (AI-15) 


and we find that this part gives the largest contributions to C{) among various terms 


in L,. The values of the integrals in this expression are given as follows. 


Si at 
3p eh kX Gree 1) ie 
iE (x) dx | +e)! dx 
fi 7 
| *o@ ae 8 (AI- 16) 


x log xh (x) dx= 2 m+, 


4—38 


= | x‘log x gy (x) dx. 


The numerical values of /, can be obtained by numerical integration if necessary. 
Retaining only these largest terms, we finally get 


oe oa 10 14 A,* 
( cop ec le a a 4( = me x] (22) AL-17 
a 52 (BO)? 0,/ L135 at (oak -aa) } (AI-17) 


and 


8YFo* Cl, 2? pha NE f a (4v)19F 
3NT je 
NOT 8 (ayy [22 nt lta ‘Io a(— se SN 2-1]. (AI-17’) 
Co(KOp)*? 4 135 
The evaluation of L,’ goes in a quite similar manner and the expression corresponding 
to (AI-13), (AI-14) and (AI-15) are obtained. The only difference found there is 
the appearance of xh(x) instead of h(x). Hence we easily see that the parts of L,’ 
which correspond to (AI-13) and (AI-15) vanish approximately and the one which 
corresponds to (AI-14) gives a contribution of the order «°TF(o/k,)*/f, to Cy 
Gia, ananL,. 


a 4 | dh | dh’ O(k, KB (Ex—O) Gufer (AI-18) 


The evaluation of this integral can be done also in a similar manner as the evaluation 


of L,. The parts of this L; which corresponds to (AI-13), (AI-14) and (AI-15) of 
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L, give corresponding contributions. Hence it is sufficient for us to write down here the 


largest one which corresponds to (AI-15). 


q?k* { fa 
a, TT g (x) dx 
20 (PC)? |. 
2s (oF Natal T))( 49 (x) dx 
+( 9 ( 4, 3 ( 9, °e( Oy ‘i #8, 
cee te a 
ak oe) | logs g(x) ae. (AI-19) 
Then we find 
8YFo* 6,2 : IN 7 eee (4r)19F 
BNws fo 
al hee 3 1/3 | a 28 = ‘On : | 
ees 4y | —== 3 -- lo i ey (AI- 20) 
£,(O,)? 4 a 135 45 a r) a 


We can also show that the integral L,’ gives a contribution of the order « TF (o/k,)*/5, 
to CY. 
Combining the above results we obtain 


or 
= 5 Eg L,’ +L,’ | 
OT pie ) 


YF oe, 2 
3N 


1 
Fae aR a 
Ex a ca 


2 2 bs 473 5 } % 
SN Ely itr NS ele ‘F[ 42 + 1og( G0) a1]. 
266 2 Cy(KGp)*> 4 _ 45 


Appendix II. Evaluations of R§”, 34{’, 8A’ and 3AS” 
QeRy 


The evaluation of Rj’? is very easy. We immediately obtain 


RiP =a(! oY (80)22 - | Rb,dkk 
. mM « 


wi es ar\20 B 2nk® 7 seis MR 
=—aA{ — C fi pnt oe ' 1 h 
( cite oh am BRAS we peo 
of Boll 3 3 1 \2 
=a(*o— ) 27Qk  ¢ —_ ) - -) 
‘ ¢ ) Saas “As Ge 
ak ry U H 2 9 a & 1/2 
mall — e Neo( =) (AII- 1) 
So - 


Substituting the value of a in {I|— (4-6), 


we have 


_ (it) 


Quantum Statistical Mechanics of Electron-Phonon System, IT 435 
Nel 
ca EYLY 
Hy? 13 
Rep esta - NoFE Cy ) AIl-2 
OF fai ) 4y ( ) 
BAS 
gay — (LH) (9-)2G02 dh | d Pasta bebe AIL-3 
pasn—( P=) Bera | Corey (AII-3) 
q= |k'—k| <q,, 
G=4-Fof,/3N. 
Taking the integration variables shown in Fig. 2, we get 
foo} qm 1 
9 AD 92) ?GL2 8x? [ee dk \ ged fe eens 
; a) )- ke | ae » ae 
0 
H° it ie st +o-+2k 
Vo Ce 
(M1?) (ar)2Garan | kb, dt | ‘dq log 4 
ee e ya ye | nae qto—2k 
0) 0 
=) yey (92)°G.Q? 472 (ts dk 
epodas Ae lo mt 2k+ 7 ad a Gn R 3 gg. 
3 Im—2k--o | 3 3 
2k+gnto | 
a 2 log | =| 
+ a +o) "log ar 
2k 9 | 
ie ee Ts 
= my 8 becrow iad 


Here we make the same transformation of the variable k to x as in (AI. (ii)) and use 


the characteristic behaviour of 4(x) at x=0. 


and hence 


(i eee cee 
PAP =( roe G (BC)? Yan? 


oe) eae | 2 (2k) 4 
Ap log ee te eee 
aanaaee ane leadas(2QSS on! 

Jak ve ao: 
ASD — — tool WY 
Rio shea they 


P 
stacy 


‘Oniaqe 2 


o(( ze ase oe (AI: 4) 


Cal) 


Then we obtain 


4 
mm 1 34 
4 q m 


(AIT: 5) 


436 H. Ichimura 


1 1h ey ed 
Li7)= 5 5 5 


A log|1—77|, 7=4m/2ko- 
7 D a 6 


(iti) Ay” 


pay = (42) (az)G0"| dk| da q \(_ 20 —f) _-)_ (AI-6) 


8%sq__ 4 / \ (k”? —k)?—o* g® / 
q=|k'—k| Sqn- 
We can proceed as in the appendix of the paper [I] and find 
N Zh \4 
DAU NREL Le De (AII- 7) 
ie eo Ne) 
(iv) BAS’? 
pay =( HF ) 2G (8¢)*0"(K, + Ke) 
K,= ) ak | a ¢. Die Tis (AIT- 8) 
s \ TPR) og —* 
q=|k'—k| Sq, 
Ke dh:| d rw 
2 | q (kyo x 
q=|k’—k| Sq, 


Evaluations of K, and K, can be carried out in a similar manner as those of L,’ 
in App. I. So we do not give the details of calculations here. We find that this pAy™ 
contributes to the free energy terms of the order £,F(o/k,)* (#H/2,)°. The terms in 
K, and K, which should give rise to large contributions corresponding to those of L, and 
L, cancel completely in this case. 


Appendix III. Evaluation of the Integral [5 


The evaluation of I$” is repeated here, because the evaluation given in [I ]—App. 
IV has been done with too simplified approximations. 


I= @ | dk dk’ 9 f® fk 


(k?—k)?—o'g? 
. , 0) 700) 
=| dhe adn’ Prefer (AIII-1) 
as (q—2kz)*—o° 
q=|k’'—k| <q,, 


k? =k +9q?—2kqz, z=cosd. 


The condition ¢<q,, imposed on q and the characteristic behaviour of the functions FL 
lead to somewhat complicated correlations among the regions of the integration variables 
k and q, hence the integral can be divided into three parts as in App. I. 
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BSGhs Im : i k k—k ne 
1 =1670'| | kak | ¢ se | i - dk | gtd ae 
0 0 —1 —m 0 — 
ae eee 
ep | eat | «tay | dz |x Plot od 
k—g, k—k Xe 
(4m <k) 
eee ek 1 \ 
adie) eleaerne ae ce ae 
and 
Listes! ak Mogg: 
1 =16 20" | kd | gdg | de+ | @at | ? *dy | dz |x Gr, ) 
0 0 —1 0 k—k 2% 
(qm >k), 
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(AIII- 2) 


(AIII- 2’) 


where q,,Sk is essentially equivalent to the condition q,,Sk,. Considering the definition 


of k and gq, we find that this corresponds to the condition that the number of the 


conduction electrons per atom is larger, or smaller, than 2, that is 
Ink, Se Ue 


The integration limit is given by the relation given in (AI-10). 


The zintegration and the subsequent rearrangements lead to 


k 
” : pee aka o) oak 


k 
(" | (q+2k+o) (k2—k’—oq) } 
kdk \ q?dq1 
val Jaasiee | (q+ 2k—o) (2-409) | 
(Gm < h) 
and 


XC hee 2k+o) (¢+2k—c) | 


| aed 
Aga 
pow see | kat | 2dql 
: 1) tor (eager (ask | 


i 
he dal | (q- 2k+o) (k —k 09) 
nea ue | (g-+2k—c) (—# +09) | } 


(Gn >) « 


(AIII- 4) 


(AIII- 4’) 
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: : Sec : 5 
The evaluation of these double integrals to terms of the order in o° is sufficient for 


our purposes. After lengthy but straightforward calculations, we finally get 


TS = — 167° 2?Q (7) (AIII- 5) 
Q7= = 7 —*4log (o /2k) +7*log (1—7) 
Br oe” | eee ees ae 
+(log ee Fe) (AIII-6) 
(9m <) 
ee ey, il D =3 5 =4 
QG aS eae +) 
a4 /ob 1 ae > 3 zi is 
=f log (a/ 2k) — - ie | log (1—7) 
3 Ee a ae or eee : 
———(log(1—7) +7 + —7? +—_7F+—7" AIII- 6’) 
> (log ike are We om pe de a ) ( 
(Gm > &) 
7 =q/2k= (1/4»)"” (ky/k). 
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The incompleteness in the preceding article?) which aimed at extracting tensor equations from 
the canonical form of relativistic wave equations with maximum spin 2, is all removed first by com- 
pleting the algebraic treatment relying upon the theory of the rotation group in five dimensions and 
then by performing a full analytical reduction into constituent simple fields corresponding to definite 
values of spin and mass. 


S 1. Introduction 


The object of our investigation is the canonical form of relativistic wave equations 
(d'a, —Kx) =0 (1) 


with the additional condition that each matrix @, is a direct sum of a certain number 


of independent Dirac operators 7, specified by the commutation relations 
s 
Tul'y = Fay we ZOE. (2) 
If a, in (1) is the 7, itself, the wave function ¢ transforms according to the representa- 


tion R,(1/2, 1/2) of the rotation group in five dimensions.’ Next, if we go on to the 
Duffin-Kemmer equation supposing a, to be 


B,= (1/2) (7, XE+EX7,) (3) 
with two independent Dirac operators 7, and 7{, the wave function ¢/ transforms accord- 
ing to the representation 

ReGin 2d, 1/2 ys By (h/ 2p ty 2) 

=R,(1, 1) +R, (1, 0) +R; (0, 0). (4) 
As is well known, every irreducible representation of the rotation group in five dimensions 
provides a representation, usually a reducible one, in four dimensions. In our case we 


have 


R; (0, 0) —>R,(0, 0), 
R;(1, 0) me OG 0) + R,(0, 0), (5) 
R;(1, 1)->R, (1, 1) +R, (1, 0). 
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According to the general formula 


d,(A,, 4s) = (2/3) (Ay, 43/2) Ao +1/2) A441) At+A4+2), (6) 
d, (A) 4.) =2(4,—A, +1) Ay +4,4+1) provided 4,40, 
and Sade Ie gee (7) 


for the degrees of the representations R;(/,, 7.) and R, (/,, 72), the decompositions (5) 
are, as to the degree, 5=4+1 and 10=6+4, so that they correspond to the scalar 
and vector theories in the Duffin-Kemmer equations. 
Now we proceed to consider the theory of maximum spin 2 under the assumption 
that @, is given by 
a,=,XE+EX 3, (8) 
where 3, and 3! belong to independent Duffin-Kemmer algebras. The wave function re 


comprising 4*=256 components transforms according to the following representations ; 
Rel poy ly2) oo Rechy 2s 1/2) OCR Gl / 2, tpt) oe Cp oy AP oD 
= {R,(1, 1) +R (1, 0) +R, (0, 0)} X {R(1, 1) +R; (1, 0) +R, (0, 0)} 
= {KR (1,.1) X&:(1,1) +8 (1,.0) X& 0, 0) +3K(0, 0} 
+2{R(, 1) XR (1, 0) +R (1, 1) +R, 0)}. (9) 


In the following discussions the quantities transforming according to the representations 
in the first and the second brackets of the right-hand side will be called diagonal and 
off-diagonal parts respectively. Moreover, as was done in the preceding article,” hereafter 


referred to as I, we shall term the quantities corresponding to the representations 


R;(1, 0) X R;(1, 0) =R,(2, 0) +R (1, 1) +R, (0, 0) (10) 
and Rll, 1) XK, 1) = G, 0) XR, 0) 
+R; (2, 2) + R;(2, 1) +R (1, 0) (11) 


in the diagonal part as lower and higher classes respectively. The first term in the 
right-hand side of (11) is the lower class separated from the higher. The direct product 
R5(1, 1) X R;(1, 0) appearing in the off-diagonal part in (9) is decomposable as 

Rs(1, 1) X Rs, 0) = Rs (2, 1) +Rs(1, 1) +R, (1, 0). (12) 


Therefore in the product representation (9) we find, besides R;(1, 1), Rs(1, 0) and 
R;(0, 0) already appearing in the Duffin-Kemmer theory, the following representations 
peculiar to the theory of maximum spin 2; 


R5(2, 2) > R,(2, 2) + Ry(2, 1) +R, (2, 0), (13-1) 
R; (2, 1) =o R,(2, 0) + R,(2, 1) +R, (1, 0) PK, (1, 1), (13-2) 
R;(2, 0) — R,4(2, 0) + Ry (1, 0) +R, (0, 0). (13-3) 
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The corresponding decompositions as to their degrees are 


35=10+16+9, (14-1) 
35=9+16+4+6, (14-2) 
14=9+4+1. (14-3) 


Thus the 256 components of the wave function are separated into independent 
subsets each corresponding to an irreducible representation of five-dimensional rotation 
group. However in the preceding article the discussions were confined to the diagonal 
part in (9) alone and the off-diagonal one was not treated. Besides, the algebraic reduc- 
tions into independent subsets were incomplete, hence leading to some difficulties in the 
results. In this paper we shall present the theory in a more satisfactory way by remov- 
ing these deficiencies with the aid of the theory of rotation group. In the next section 
we shall first construct the 256 linearly independent elements in the product space of 
two independent Dirac algebras and then make their separation into independent subsets 
each corresponding to an irreducible representation appearing in (9). Moreover each set 
will be shown to be closed with respect to the commutation relation with ,. Then in 
§ 3, using the same method as in I, we shall obtain the field equations in tensor form 
first by rearranging 16 16=256 components of ~ in the form of a square matrix 
and then by taking spur of / multiplied by each one of the above linearly independent 


elements. 


§ 2. Construction and algebraical analysis 
of the linearly independent elements 


The linearly independent elements of the Dirac algebra are given by the elements 
A= {E, fy and Hg— CD ion, hal} 15)" 


where 75=7 17774, 80 that 7,:7/n+7nim=2%nnE and that 7,=E. Moreover, taking 7, to 
be hermitian 7;=7, we have 74=74- Now in the direct product space of two independent 


Dirac algebras we can construct an element 


P= (1/16) D> iaxya 
A 


= (1/16) {EXE+1nX7"— (1/2)0,,X0"} (16) 
with €,=—1 for 74=¢,,,, and €,=1 otherwise. Making use of the equations 
[Tm 1n\=— 2m 
[Fp Cre] =2i Ont s— Fate) > (17) 
and 144). Ovqt a ae hain ne» 


* Throughout in this paper Greek indices run from one to four and Latin ones from one to five or 
from one to three. Sum over repeated indices is also understood. €xmnrs is five-dimensional antisymmetric 


tensor with €,o3;5=1. And [X, Y]=XY—YX, {X, Y}=XY+ YX. 
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we get tp XE—EXip I’ |=0, 
i; KEE Xa I} =0, 


(18) 


and accordingly 
(7 XE)P= (EXT) TL, 


PG.XxE) =V(EX7)- 


(19) 


Hence we have 


(aXE) Pr=é, (Ex7 at: 
P4XE) =ET (EX7a)- 


(20) 


Since 
Y= (1/4) disp (aV)7 PE 
Dar a<7 a= 4 sp(S) -E 
are valid for arbitrary 44 matrices Y and Z (see Appendix of I), we obtain 
WY x Z)F= (1/64) 3 > é &,so(paV Ge eaXTeoT 


= (1/64) > >) Esp (FaY) (EXT eZrar nl 
RB 
= (1/16) 33 Esp 74Y )spFaZ) I’ (22) 


As a next step, let us construct with the aid of /’ new elements 
Pan=(aXE)I' (x XE), (23) 
total number of which is 16°=256. From (22) it is readily shown that 
Dial one leolay (24) 


hold because of sp (747) =404,. Therefore sixteen /’,.,’s are mutually normal idempotents. 


We also have 
sp(P'an) =sp{ (aX E) PP’ (7x XE)} 
=sp{l"(7nXE) (7aXE)T} 
=04,sp(1’) 


a = (1/ 16) Oan > }€4sp (7 4" = dun, (25) 
and 
DP a=Di aX EE (aX E) 


eu (1/16) 33>) On al nf aXe 
= (174) Pa ‘sp(7R EX x 


=EXE. (26) 
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Because of the hermitian character of 74.-we have /'j,=/ "na. We thus have the 


following nine types of elements. 


A a | E | Tk one 
18: | 18 i. Lr, | P08] 
tgs ae a | Vp Pa Pj:k P7675] 
- Tin ee Teme 
Now since (3) and (19) give 
BP'4.2= (1/2) (ips Fa) XE)VP (72 XE), 
—P 4.28, = 4/2) (aX EN» re] XE), a 
we have 
£,°=lp,=0 (28) 


for [’=1'4., with 74=7/,—=E because of |7,, E]=0, and moreover the commutation 


relation 
[3,, P&2|= 1/2) (i, ra] XE 2 XE) 
+E eX EE (7,, v4] XE)} 
el 2) a BAL in CE) 


+E(([7,5 72 ]XE)E (74 XE)} (5) 
for the quantity 


PIS (y2 Ee EP a a) (30) 
with 


PP a=PQaer'g. 
For the case 7,—=E, eq. (29) reduces dropping the index B to 
Lee fe a os Aire 


: al (31) 
by Peas (Otel ice Opa ltne) 
with the aid of (17). 

Clearly, [’ corresponds to R;(0, 0) in the first bracket of the right-hand side of (9). 
The 2X5 elements J’ and J‘) appearing in (31) correspond to the two K;(1, 0), 
and 2X10 elements /’{° and [\{2; correspond to the two R;(1, 1) in the second bracket 
of (9), hence giving the same scalar and vector theories as in the Duffin-Kemmer theory. 

Next let us consider the 15” elements wherein neither 7, nor 7, is E. The follow- 


ing commutation relations are easily obtained for them : 
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€ . z = =a sR ee Exe 
(8, Pi = iT aan + Penton) = 8D mips + EP pms) » 
é ee -77(e) “7 ¥(é)__ ¥(2) 
[P,» fa) = — tT pm EF Pome ju Dnl jm ); 
j é “(Xd 7 (2) > 7 (2) > (4) __ (=) } 2 
[4,» Demon =i {9,51 nny — Fuel fmt ome Gen Onl | jk jon $ (32) 


\ 


=i{ (0,0 nj— Opal any HE (Gombe — Opal mes) eZ 
In order to have the elements corresponding to R;(1, 1) XR;(1, 1) in (9), we define, 
restricting the indices to the range from 1 to 4, as 
UL=I'g, 
V By Ray (33) 
7 CeoLva] =W, reotvaj- 


There are 10+ 24+21=55 elements for €=1 and 6+24+15=45 for €&=—1, hence 


100 elements in all. The commutation relations for them read as follows : 
[4,, U2 ]=Vinnt Vig» 
L3,» V al Seay t 9,09 —6,,.U2, (34) 
[Pos W (wotvag |= OnuV aoe oa wv 
+E (6,V Spo 9. Kpoy) - 
These are the equations (38) in I, only V.S2,5 having the opposite sign. 


Proceeding in the same way we can obtain the elements corresponding to R,(1, 0) 
xR; (1, 0) in (9) by putting two of the indices of each element in (32) equal to 5: 


[2,, THI=A+OQ 


SLp5]> 
Vs — : s) “-* ¥(€) 
eae Ps \= 1D Sr usy tio S ’ (35) 
: $) 4) 7s) 5 é 
[3.5 —iT Ss] =O pul soy + 60,12; : 


If we introduce symbols 
Rai 
LP =Thesi» (36) 
My = a4 “uLys) ’ 


we get the same equations as eq. (35) in I: 


(3,, K]= +8) 19 


Pp ? 
LA, LPJ=MO+0,,K, (37) 
[3,. M2 ]=d,,L+66,,L©. 


The number of elements in (36) is 14+4+10=15 for €=1 and 0+446=10 for 
€=—1, so that there are 52=25 elements in all. 


As was shown in (11), R;(1, 1) XR;(1, 1) contains R;(1, 0) XR;(1, 0). The 
latter can be extracted when one carries out the contraction of two indices in the 
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equations (33) and (34). That is, putting 
Cary Oe 
VO=0PV E> (38) 
WS = OW Ona mat Ue: 
one can easily ascertain that these elements have the same properties as those defined 
by (36), especially the same commutation relations with paps 
Thus we obtained all the elements in the diagonal part of (9), but there still re- 


mains the off-diagonal part R;(1, 1) XR;(1, 0). In order to have it, one has only to 
put one of the indices in (32) equal to 5. If we put 


Kee ke) 
Ry =i Sy ? 


(=) 
Ay iy he Aue 


SH=P2,, (39) 
Tiaa= 1 ena, 
then the commutation relations are written as 
3, Re J=Shat+ Se, 
Los wee Pa ORO = 8 RY, 
(40) 


=T Ey te RO ? 
ee ee Se (=O .00) 


LA, 
LA, and 
The total number of elements in (39) is 4+6+16+24=50=5 X10 for both cases 
€=1 and €=—1. 

The next thing to do is to carry out the reductions of the elements obtained above 
in accordance with the decompositions into irreducible representations of the rotation group 
in five dimensions |see (10)— (12) |. In doing this we can also establish the correspond- 
ence of the newly obtained elements to representations in four dimensions as given in (5) 
and (13). Inthe first place let us consider the decomposition (10). The 10 elements 
of (36) with €=—1 obviously correspond to R;(1, 1). Since the 15 elements with 
€=-+1 correspond to R;(2, 0) +R;(0, 0), it is necessary to separate R;(0, 0). According 
to (37), o&*MS?—K™ commutes with /J, so that this corresponds to R;(0, 0). Suppose 
that after separating this element we get K’, L', and M/, instead of the original K**?. 
LS? and M{;?, then we should have 


0M! —K'’=0 (41) 


and this condition reduces the number of independent elements to 14, yielding R;(2, 0). 
In other words MJ, now gives 10—1=9 independent elements, thus corresponding to 
R,(2, 0). The four Li, and one K’ naturally correspond to R,(1, 0) and R,(0, 0) |see 
(13-3) and (14-3) ]. One can construct the primed elements as follows. The com- 
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mutation relations (37) do not change when one adds 6%"MS;?—K‘ in such a way as 
R=K+4c(PMp—K™), 
Eee (42) 
Mi, =M¢p—cd,, (0"*MSP—K™). 
Here c is a number determined to be 1/5 by the condition (41). 
Applying similar arguments one can separate R;(1, 0) X R;(1, 0) from R;(1, 1) 
x R,(1, 1) as in (11). The separated part R;(1, 0) X R,(1, 0) has already been given 
in (38). This part is equivalent to K, L, and M,,, so that according to the preceding 
paragraph 0”*W,,—U gives an isolated element and the elements U ' Vi, and W, con- 
structed from U, V, and W,,, in the same way as (42) satisfy the commutation relations 
(37) and the additional condition 0"Wj,=U’. Here we have omitted the superscript 
(€) for the sake of simplicity and we shall do the same in the following discussions. 
In order to get the elements corresponding to R;(2, 2) +R,(2, 1) +R,(1, 0) in (11) 
we first remark that the elements 
K,y= (1/3) (0,,0'’—W yy). 
Luryaj= (1/3) (—d6,Vi+6,V1), (43) 


Meyot23= (1/3) (OW or —0o W ov t0q.W 1,—SoW I) 


pd 


satisfy not only the commutation relations of the higher class but also the additional 


conditions 
ok a 
OE VLR, (44) 
0° Morya — Kyy=W iy - 


What we want to get are the three kinds of elements which would satisfy the commuta- 
tion relations of the higher class as well as the following conditions for their traces : 


oU,=0, 
OV vray =0, (45) 
0 W wotv= Us - 
With the aid of (44) it can be shown that they are given as 

Usy=Uy,—K,, + (1/20) 0,,(0"*W,,—U), 

Vir =V nay Lurvays 
Wiyorry=W, tuortval— Meworvay 

— (1/20) (486,990) (OW, —U). (46) 
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The number of independent elements among U,,, Vi and Wi...) obtained through 
the above procedures turns out to be 9+20+11=40 for ei wand sor 20-2935 
for €=—1. Remembering that this set of elements as a whole corresponds to R,(2, 2) 
+P Re (291) + REG, 0): ine (i1)eend comparing the above numbers with (14), we may 
conclude that the latter 35 elements correspond to R,(2, 1) and the former 40 elements 
to RK,(2, 2)+R,;(1, 0). Therefore we must further separate R,(1, 0) in the case of 
€=-+1. Considering this case only, we define 


Viwwaj= (1/3) Vinay t Vict Vicuy) » 


W wovr3 = (1/3) W tuotwaat W tvotawit W hrotuvy) 5) 


both of them being totally antisymmetric with respect to all the indices in square brackets. 


(47) 


They form a closed subset with regard to the commutation relation with Bas 


[ees Vinal =W goavars 
f) N N 
[2 Wy avid =O a Coun = One! tava (48) 
» » 
FO) Gaekieoeal lacus 

A glance at the relations (34) is sufficient to see that the subtraction of V;,,,; and 
Wesovay from Vir; and Wtigyyaj will not affect the commutation relations, UJ, of course 
being unchanged. Hence, taking Uj,, Vig, and Weiepa] to be the ones from which 


the totally antisymmetric elements have already been subtracted, we have the additional 


conditions for them : 
View t+ Vira t+ Vituni= 9, 


W! W! Ww! = oY? 
(uoxvayt tyopanit / [rctyvi= 9- 


Consequently the number of independent elements among them becomes 9+ 16+ 10=35 
in agreement with (14-1). Thus we have finally obtained R,(2, 2), separating R;(1, 0) 
as Voy and Wy oyaz- 

Also for the case of €=—1 we can subtract from 20 elements Vj,;,,; the totally 
antisymmetric elements which transform as pseudo-vector for four-dimensional rotations, 
consequently giving R,(1, 0). The 16 elements left after the subtraction give Rita; We 
The discussion for this point will be given below (92). 

There remains the reduction of the off-diagonal part (39). As was shown in (12) 
we must extract R,(2, 1) separating R,(1,1) and R,(1, 0) off. Since the equations 
(40) do not contain € explicitly, the following discussion applies equally to both cases. 
R,(1, 0) can be separated as 


S= ees ’ S,= Ke ar OPAT curds (50) 
for which we have 
Lees S|=S,, We S,]=4,,5. (51) 


If one defines totally antisymmetric elements by 
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Tiga = (1/3) (Sey3 itd Sis ae Siu) ; 
Tryvaq= (1/3) (Tyyayt+ Taw t T yur)» 


(52) 


they satisfy 
[2,» Try] = Lia > 


(53) 
bas Truvr3] = Gund oy ak OT pa ut Ppa Tepvi . 


This set of 10 elements is R;(1, 1). In order to separate these from the rest of ele- 


ments we introduce 
Thvay= BN se TD rya) a5 (1 ‘4) (6,.8, —0,,5,) > 


t —— — 
Stur3 = Stuy Tew ? 


‘ (54) 
56 Sie + 0 ee @ 4) Ou 5, 


R= Re— C17 4) 5 


It can be shown that they satisfy the same commutation relation as (40) and at the 


same time obey the additional conditions 
OS, y=0, Rito Tia =0, 
Stuvy=Stv— Suu ? : oy 
Tint Tipit Tigw= 9, 


so that Ti,,; and Ri, have 16 and 4 independent elements respectively and S!,, gives 
15 consisting of 6 antisymmetric Sv,,,, and 9 symmetric ones. This is in agreement with 
(14-2). Hence they provide R;(2, 1). 


§ 3. Derivation and analytical reduction of tensor equations 


Since we have obtained the complete sets of linearly independent elements each of 
which corresponds to an_ irreducible representation of rotation group in five dimensions 
and is at the same time closed with respect to the commutation relation with #,, we 
can readily write down the wave equation (1) in the form of field equations for tensor 
quantities. Then we shall reduce each set of them to more fundamental equations for 
simple fields each corresponding to definite values of spin and mass. 

In (8) we may assume without loss of generality that ;3! is the negative transpose 
of /3,. Then we can rewrite (1) as an equation for the 16X16 matrix function 7 
whose components are those of the original ¢ rearranged in a suitable way : 


OL 8,, FP l|—«F =0. (56) 
We define field quantities by 
$92=sp(C BP). (57) 


’ (6) . g 
Evidently 4), possesses the same transformation character as /" sOF 


The field equations 
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for these functions are 


0” sp Ce E28) +Ksp (IY?) =0, (58) 


which results from the simple procedures of multiplying (56) by /’{2 and taking spur. 

If we take as [73 the elements 20, [2): 0°, D&,. the equation (58) will 
obviously yield trivial scalar, scalar and vector theories respectively. Next consider the 
elements in the diagonal part corresponding to R;(1, 0) XR;(1, 0). 0%”M,,—K gives 
a trivial scalar and K’, L, and Mj, give, when substituted in (58), the following set 
of equations with the aid of (37) : 


(1+&) 0°y,+Ko=0, 
PP r+ Ag +Ky, =0, (59) 
0,0, + €0,¢, + Kp, =0. 
Owing to (41) there is an additional condition 
Ob, =9. (60) 


For €=—1 this set of field equations is simply the equations for vector meson with 
mass kK. For €=+1 it can be split up into those for a scalar field with mass «/2 and 


for a vector field with mass « in the following way. First, (59) give 
[DO — (x/2)*]g=0, (61) 


so that an auxiliary vector field y, can be introduced in such a way that 


20°g, + Ky=0, (62) 

20,9 +Ky, =0. (62’) 
Then the tensor quantity ¢,, defined by 

0,9, +9,P~, +P, =0 (63) 
satisfy the equations 

OY, ,. + 9,9 +K~, =0 (64) 
and 

0D), =9. (65) 


The four equations (62), (64), (63) and (65) are nothing but the above (59) and 
(60) wherein ¢, and ¢/,, are replaced by y, and ¢), respectively. Hence we immediately 


get the equations 
20°y, =0, 
Ory, +KY,.=0, (59’) 


PrXp t+ Op%a+Kfry = 0 


and : 
ory, =0 (60 ) 


450 T. Tsuneto and I. Fujiwara 


for the quantities defined by 
p= Po — Po Lip =P rp — Pap ’ (66) 
which evidently yield the field of spin 1 with mass x. . . 

In the same way one can easily obtain the field equations of higher class in the 
diagonal part corresponding to R;(1, 1) x R;(1, 1). From U’, Vj and WY, referred to 
just before (43) we get the same equations as those of the lower class (59). The totally 
antisymmetric elements (47) which could be separated in the case of €=+1 give the 


following set of equations : 


OP Ycpuval + €L.uvay— 0, 


(67) 
Ou Acpvai— OpALcwvay + Fv Acupay— PrAcupr3 + XU tepvay=0- 
Eliminating Z-y,v.7 we get 
(O—*) Yeuag=9,  O Yeurp7=9, (68) 


so that we have a scalar field with mass x. The rest of the elements corresponding to 
R;(2, 1) for €=—1 and R,(2, 2) for €=-+1 furnish the equations of the higher class : 


or (Putvpl sis EP rupy) +KG,,=0, 
Pup tray t 9xPuv— Pv Pua + KY vay= 0, (69) 
O° Dutvay— Iu Pptvay + € (Ox Prrupi— Patupy) + €P pupa) = 0- 
On these field quantities are imposed the additional conditions resulting from (45) 
0G, =0, 
0 uty = 0, (70) 
Oe wetva) = ax 
and moreover in the case €=-+1 the conditions 


Pucvart Prcawy + Wacuvy= 0, 
f if if ia 
Wtuptvai + Pevprani t+ Ytapray) = 0. 
The reduction of the field equations (69) proceeds in the following way. In the first 
place the first and the second of (69) turn out to be 

OS tKey=0 and 0,0, —OyFy + Sta = 0 (72) 
for the quantities ¢, and €;,,; defined by 

‘= (1/x) OPO.y and ctu = (1/r) OP cure (73) 
which yield a vector field of mass «. Then for the quantity defined by 

Quv=Puv— (1/«) (A,€, +€0,¢,) (74) 


we have |see the equations below (69) in I] 
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[es («/2) “bu =0, (75) 
and 


OM v=0, Oy, =0. (76) 


The divergence condition suppresses one of the four indices Ol, 2,°3 ahd 4, so that 
ju. may be regarded as a tensor in 3-dimensional space. The number of independent 
elements of antisymmetric 7,,; is 3 for €=—1, thus giving a vector theory, and rhat 
of symmetric yu is 6 for €=+1, which is further reduced by one by 0"%7;,,;=0 
giving a theory of spin 2. The mass value is evidently «/2 for both cases. In the 
second place by introducing the quantity 


Pura (3/2k) O.Snaxj— Ge @)} CO ime, Ours v) 
=F (EX ‘K) (OvAua ft OrxNuv) > (77) 


we can reproduce all the equations in (69) and (70) wherein ¢y-y,3 and Ppu,yvaj are 
replaced respectively by Yn.) and Ypu,;,,; defined by the equation of the same structure 
as the third of (69). Hence the quantities 


Cunai= Yuna Pupval > 
(78) 
Ccupreal = Peup tray — PrupTva 
satisfy the field equations 
oF (Curvpy + ECvrup) =, 
OPC tupyrart e utvaj=0, (79) 
O,Cutvay— Oul prvart E (Oa vcupa— FC acupa) F&C trp tra = 0s 
and the additional conditions 
OC una = 0, aa i ir =U, (80) 
Then the equations (79) yield |see below (73) in I] 
O Curr =9"C utp = 0- (81) 
Furthermore the third of (79) is rewritten as 
O5C wtvay— PuGorvayt PrC veer — Ox ace) 
mt Asan whee GZ fe)1 SE) 1 0.6 OC cup) t =O. (82) 


Summing up three equations given by cyclic permutation of , v and 4 in (82) we get 
the second of (67) with 


Yeung (1/3) Cunart Curavdt Cate) (83) 
Ctup iva] Ox€ atupy— Fal vrup 
and Acupvay— (1/3) + Ctyp paw + (1/«) Cle) Hh 9aE utvp— Onl arp : (84) 


+ Cap Lev] +O isp OKe uae 
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By definition %;,,,; is totally antisymmetric in indices and the second * (67) assures 
that this holds also for Yeu,..3- Then (81) and the second of (79) give the first of 
(67). We thus get a scalar field with mass x. Now for the fields 


Pycvay=Cunay— Zona » (85) 
Oust = Ctyp Daye (1/«) (A4—®) @.Catep— OC upp) — Leupral (86) 
we have the equations 
ord Lp pv + KO y3= 9, 
[upy va] {vA] (87) 
8 Oucvay— OD otvay t+ 9x9 stupa — PF atupr + €euptrai=0 
with the additional conditions 
Y] vA] =F Oyayy =a Oscar) = 0, 
plva] LAY {uv] (88) 
Dtuprvagt Iopxani + Gp xu=9- 
Ourvay is a field with mass « and the additional conditions 
O*O.ca9= 9" Ouray=0 (89) 
and 
dO 50, (90) 


The condition (89) tells us that the number of independent components of 4,5 is 9, 
but the conditions (90) and (88) reduce it by 3 and by one respectively meaning that 
the field @,;,,3 is of spin 2. 

Since we have 


Purvayt Pua t Paruv]= 9, (91) 


the Yur, defined by (83) is nothing but (1/3) (Yumaj+¢yaurt¢xu) irrespective of 
the value of €. Then for €=-+1 alone we have the condition 


Pupait Prvppawit Praprevj= 0 (92) 


and the Yy,va; given by (84) is rewritten as (1/3) (YeuprartYorrauit ¥ ate. The 
definitions of Yy,,) and Acupva; thus contain no derivatives, so that these can be 
algebraically separated off from the original fields. The separated quantities are already 
given in (67) and accordingly we have the condition (71), which entails the identical 
vanishing of Y;4),) and Acupvay in (83) and (84). In other words the @.-ya) is identical 
with the €,;,,; Contrary to this the definition (84) contains derivative terms for €=—1. 
Therefore the reduction of the field ¢ w(vay IMO Yfyvaj and Myr,,; cannot be algebraical, 
but is an analytical one [see below (49) |. 

In the case of reduction of the off-diagonal part there is no need of separate treat- 
ment of the two cases €=+1. From (50) and (51) we get a scalar theory. The 
totally antisymmetric elements (52) yield with the aid of (53) 


8’ Proury + KPturj= 0, 


93 
OuPrvrq a Ovrauy a. 9, Prur} ar KQruvay = 0, ( ) 
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whence the equations for a vector field with- mass « can be derived : 


(O=*) Gtuy=0, 9" pyy)=0. (94) 


The field equations derived from (54) with the aid of the commutation relations (40) 
need some analysis. They are 


OP bepryt+ O°Y,, + KP, =0, (95) 
O.Py— O'Putryy + ey = 0, (96) 
OP acuvjt Iu Py— 9 Oy+KPturvy= 0, (97) 
OuPorgt IPur— IP + KP yupvay= 0. (98) 
The additional conditions resulting from (55) are imposed on the field quantities : 
Ue 0 (99) 
Peuvi= Pv — Pres (100) 
OM Duty =p « (101) 
First with the aid of (95) we define a field ¢, by 
(1/2) 8,= 1/1) 8 brug = (1/) Opn + Fp (102) 
and in addition we introduce the symbols 
Lw=— 1/e) by,» L= (1/e) Oe, - (103) 
Then according to (100) the field y, splits up into two parts : 
eS (104) 
From (102) we have immediately 
ore, =0 (105) 
and 
Ory, —KY=0. (106) 


The field y furnishes a scalar field with mass x, because (96) yields 
0,74 —KY,=0. (107) 


The field ¢, represents a vector field with mass «/2, since we have, on eliminating 
Oru.) from (97) and using (95), 


[(O— («/2) 715, =0. (108) 
Now we introduce 
Py, = — (2/«) B,E,— (1/3) [ (4/1) 99,4 — Pur] (109) 
with the additional condition corresponding to (99) 


dy, 0! (99") 
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Moreover we introduce ¢,,; and Q,,,,; respectively in conformity with (100) and (98), 


Perv = Puy — Pun = — (2 /t) (OnE, a> OF) ( 1 00’) 
and Purvay= — (1/) (Au pur3+ 9,P un — 94, Gur) 
aa (4/°*) Oy (0,5; “a 0,¢,) = (1 3K) (9,9) <a Ons 0.) 7> 
which satisfies 
O’ Qurva) = Oe ( 101 ‘) 
Then it is easy to show that these quantities satisfy the equations 
OP Prp.3+9°G,, +Ko,=0, (95) 
O56 O Pury + kK Puy = 0, (96) 
OP .cuvit Ou Qy— 9,0, +KGtu7= 0 (97’) 
and furthermore to show that the quantities 
Luv=Puv— Pur » (110) 
Xturi=Auv— Yuu > (111) 
and 
Xero = Peay Pupay (112) 
with the conditions 
Oey =0, OY j= 0 (113) 
satisfy the equations 
OP Vepagt OY ,.=0, (114) 
ae tas qa 15) 
A Lotwat Yury 0, (116) 
Oudtva 9 WYua — nev “le KYurvaj=0. Ct 7) 
From (115) we get 
O*Xuv= 0, (118) 
which yields with the aid of (uid) and (13 4) 
Ory 4 0, (1 19) 
Then by (1 15) and (117) one obtains 
(6) 7.=0; (120) 


The mass value of the field is x. The symmetric part Aux and the antisymmetric part 
Xv. afford the fields of spin 2 and of spin 1 respectively. 


Relativistic Wave Equations with Maximum Spin Two 455 


§4. Concluding Remarks 


With the algebraic and analytical reductions in the preceding sections we have finished 
the analysis of the relativistic wave equation (1) with maximum spin 2. The simple 
fields corresponding to definite values of spin and mass, which is peculiar to the theory 
of maximum spin 2, are listed in the following table. The number attached to each 
field quantity specifies the formula to be referred to. 


| 
Representation | mass/k spin field 
7 : _ —_— = = = a — = a= = 


1/2 ) | g (62) 
eet 1 ia Wdhw? adseaNy Set66) 
id) Dag 2S. Hae, Pane 
R; (2, 2) 2 se aa | (85) ie 
ainda ascklnere sale ca 
: : 1/2 10 Al SP KAO ON g, 9)? 102) 
' ee etree Oe ee te nO) 
ike 1 1) Bibbsiphieed Sodecities 7?) yo oldiaticinn LUD 
OmMMqS cgi aio GRINS 02 gavit beaosun 
Linn cPetorieg ; off-diagonal 


The expressions for total energy and total charge can easily be found in terms of the 
reduced field quantities: we may refer to the discussions in I which remain valid with 
suitable modifications and supplements. It must be noted here that the field with mass 
value «/2 has energy density of the sign opposite to that for mass value x. 

Historically the analysis of the relativistic wave equation (1) under the assumption 
(8) was first undertaken by Tonnelat” as early as in 1941 in order to investigate the 
interrelationship between the field with spin 2 and the gravitational one. But the 
mathematical procedures adopted in her works was far from completeness and the same 


’ Now in the present 


was also true for the recent attack made independently by Green." 
paper we have arrived at the final solution of the problem by eliminating the shortcomings 
in our preceding paper I. But throughout in these investigations we pate been eect 
only with the purely mathematical aspects of the problem. We are es ae in 
justifying the basic assumptions (1) and (8) on the basis of seh realistic models” or 
of purely postulational reasonings’” nor in applying the mathematical ig fe developed 
here to the computation of actual processes coupled with the technique of the second 
quantization. We admit that the object of the present investigation is of extremely & 
hypothetical character and moreover that the theory would never find a counterpart - 
the actual physical world, since recent experimental evidences seem : show that the spin 
values of elementary particles are 0 or 1/2 leaving no room for higher ones. Frankly 


i i ion such as 
speaking we had better to do without a very complicated constructi 
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developed in this paper. Nevertheless we shall never be able to do without — 
wave equations for describing the behavior of elementary particles, so the investigation 
of relativistic wave equations should be made extensively from a point of view as general 
as possible. In this article our stress is thus laid on the purely mathematical analysis of 
the problem and at the same time on revealing exhaustively the features implied by the 
fundamental postulates (1) and (8). 

In conclusion the possibility of generalization and extension of the procedures presented 
in this article may be indicated. This implies the analysis of the fundamental wave 
equation (1) with the matrix coefficient a, being a direct sum of an arbitrary number 
of independent Dirac operators, hence yielding the theory of an arbitrary value of maximum 
spin. From algebraical point of view the wave function should be an irreducible _repre- 
sentation of the five-dimensional rotation group and its constituent parts, each being 
irreducible for the rotation group in four dimensions, will be related with each other by 
the operation of @, in (1) furnishing a set of relativistically covariant tensor equations. 
But these sets of algebraically irreducible equations cannot in general be irreducible from 
the analytical side, in other words, they are to be separated by analytical procedures into 
simple field equations each corresponding to definite values of spin and mass. For this 
purpose it is necessary first to discriminate before actual separation what kinds of spin 
and mass are possible for a particular irreducible representation of five-dimensional rotation 
group and then to construct projection operators performing automatically the analytical 
reduction into simple constituents. Furthermore from the physical point of view we should 
have a straightforward procedure of determining the sign of the contribution from such 
a simple field to the charge or energy densities. All these involve the complete analysis 
of the so-called fusion theory of the relativistic wave equations in the sense of de Broglie”’, 
‘which we hope will be presented in near future. 
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We examine what information could be obtained by the measurement of the characteristic quantities 
of the (N+z)-decays of 3- and A-hyperons. In particular, the possibility of experimental tests for 
the |47/=1/2 rule and the postulate of time-reversal invariance is discussed. We also discuss that 
the relative magnitudes of the effective strengths of the |4I|=1/2 and other (if they exist) interactions 
could be known under suitable assumptions on the dynamical nature of the interactions. Some physically 
interesting examples of such assumptions are presented and it is shown that the validity of those 
assumptions can be tested experimentally. For obtaining such considerably definite information, it is 
very much desired to measure, at least, the ratio of the asymmetry parameters for various modes of 
decays. 


§1. Introduction 


Stimulated by the success of the Nishijima and Gell-Mann scheme,’? many authors”~” 


have investigated the characteristic isotopic spin changes in the decay processes of the 
strange particles, and pointed out the importance of the selection rule |47I|=1/2. In 
fact, the experimental value” of the branching ratio between the two modes of the /’- 
decay is consistent with the prediction of the |4Z|=1/2 rule. Moreover, the predictions 
of this rule are not inconsistent also with the data” for the branching ratio of the +'*- 
decay and the ratio of the lifetimes of *~ and +, provided that the parity does not 
conserve in these decays.”~” The validity of the latter assumption is evident nowadays.'~™ 
However, it should be noted that these facts do not necessarily mean the non-existence 
of the other types of the decay interactions (e.g. |4I|=3/2). For example, even under 
the postulate of time-reversal invariance (T-invariance), the theory basing on the |47| = 
1/2 rule involves three adjustable parameters for the case of 2'-decay (see later). There- 
fore, for the more definite test on this rule, it is necessary also to use the data for the 
other quantities. The situation is similar also for the case of A’-decay. We shall men- 
tion in § 3. B on the possible method for such a detailed test on the |4I|/=1/2 theory. 

Although the theoretical investigations which have thus far been carried out on the 
hyperon decays are almost confined within the test for the | 41|=1/2 rule, we cannot be 
nowadays satisfied by only such a “test”, itself. The reason is as follows: For the 
decays of K-mesons, it has already been evident that the selection tule |dI|=1/2 is 
never absolute, and the contribution of the interactions other than the one of the type 
|41|=1/2 may amount to about 10% (in the decay amplitude) of the latter.” This 
fact suggests the possibility that the situation might be similar also in the hyperon decays. 
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Therefore, what we want to know is not only whether the |4I|/=1/2 rule is consistent 
with the experimental data, but also how much contribution is gives by each pe the 
|4I|=1/2 and the other interactions (if they exist). Also, it i desired to obtain the 
quantitative information for other properties of the decay interactions, e.g. the ratio of 
the contributions from the parity-conserving and -reversing interactions. 

One way to clarify the structure of the particles and their interactions is — 
“dynamical”? method, with which one starts from the suitable models for the dynamical 
nature of the interactions and compares the computational results with the experimental 
data. For example, the attempt to extrapolate the “ one-to-one ” law*’?® also for the 
case of the hyperon decay belongs to this method. However, here we want to emphasize 
also the importance of the kinematical attack. The latter needs only a few assumptions 
that are strongly confirmed by many experiences, and therefore, the conclusions deduced 
by this method are highly reliable. For example, it does not generally need the pertur- 
bational treatment of the effects of the strong interactions, in contrast with the “‘dynamical” 
method. Therefore, it would be very important to investigate the various possibilities 
involved in the kinematical analyses of the decay processes, and, if possible, to test the 
dynamical models thus far proposed for the nature of the interactions. This would also 
be helpful for the construction of a more reliable model. Of course, the kinematical 
method can generally give only limited information. However, at the present stage of 
the research on the strange particle decays, it may be said that even those limited pos- 
sibilities are not yet investigated enough. 

From such a view-point, we shall investigate in the present paper what information 
could be obtained by the kinematical analysis of the (N+) decays of hyperons, and 
what data are desired for obtaining such information. We shall also show the possibility 
of the experimental test for some dynamical models or assumptions thus far proposed on 
the nature of the interactions. Throughout the present paper, we postulate the following 
three assumptions : 

1) Conservation of the total angular momentum in all reactions. 

2) Isotopic spin assignments of the Nishijima and Gell-Mann scheme. 

3) Conservation of parity and charge-independence in the strong reactions. 

In addition to these, taking into account many experimental information, we treat here 
A and & as the spin 1/2 particles." However, the discussions in the present paper can 
be easily extended also to the cases of the spins of the hyperons not to be 1/2. 


§ 2. Kinematics of the decays of charged 


Mainly for the illustration of the meanings of the notations, we first begin with a 
brief summary of the kinematics of the decays of the charged .’-particles. 
Observed decays of the +'-particles into (N-+-7) systems are 


* This terminology is used here to mean the assumption that the form of the ordinary space part of 
the decay interaction Hamiltonian is (symbolically) of the type (1+75)-O;. See also $3) BD 
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S*spt+m (0) 
St neat (+4) 
P25 nah Toa )e (2-1) 
In the following, we call these three modes 0), +), and —), respectively, and distinguish 


the quantities related to each of these modes by the suffix i(i=0, +, —). The 


decay matrix element for each mode of (2-1) is given by 

M,=4;+B, (i=0, +, —), (2-2) 
where A and B correspond to the two possible orbital angular momentum states /=0 (S) 
and /=1 (P), respectively, of the final (N+7) system. 

Since the isotopic spin of particle is 1, the only decay interactions that can 
contribute to the processes (2-1) are of the types |4I|=1/2, 3/2; and 5/2. Here the 
interaction of the type |4I|=1/2, for example, means that the interaction Hamiltonian 
representing it transforms like one component of a spinor under the rotation in the 
isotopic spin space. With the use of the Clebsch-Gordan coefficients, A’s of (2-2) can be 
written as the sums of the contributions from the |4Z|=1/2, 3/2, and 5/2 interactions : 


A,= (1/3V'5 ) (VV 10a,— 4b, FV’ 6 ¢) — (1/32 ) (2a, +6,) 
A, = (1/3/10) (1 104,—46, + 6 cs) + (1/3) (24, +6,) 
A_=a,+V (2/5)6,+V (1/15) 6, J (2-3) 


where a, b, and c represent the parts caused by the |4I|=1/2, 3/2, and 5/2 interac- 


tions, respectively, and the suffices 1 and 3 indicate the isotopic spin state of the final 


‘ 


(N+7) system. For example, a, is the “amplitude” for the transition into the (I= 


3/2, and /=0) state of (N+7) system caused by the |4I|=1/2 interaction. Correspond- 
ing to (2-3), the P-state parts of the decay matrix elements are given by 


B= (1/35) (/104,! — 4b, +16 5!) — (1/3 2) (2a,/ +5,') 

B, = (1/3/10) (104, — 4b,’ + 6 &’) + (1/3) (2a, +6,’) 

B_=a,'+V/ (2/5) bo’ +V (1/15) G’. (2-4) 
In the processes (2:1), the |4I|=5/2 interaction can give rise to the final [=3/2 
state only, and thus c, and ¢,’ are absent in the expressions (2-3) and (2-4). 


By the unitarity of the S-matrix, the following relations hold between the phases of 
the ‘‘ amplitudes” and the z-N scattering phase shifts 0’s at the »'-decay energy : 


aj,=EY |a,| - exp? (0, + 7) 
b,=€§ |b,| «expt (O;+ 75s) 
€, = Ef |c,| - exp i (03-1 75) 


| a/ =E" la |-expi (Oa + 71) 
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| bf =E9” bj | -expi (On + Gps) 
x ty = ERP 1G -expi(Os;+7%p5) 5 G=1, 3) (2 5) 


where €’s are the undetermined sign factors, and the upper suffices (1, 3, 5) of &'s and 
the second suffices (1, 3, 5) of 7's correspond to the | 4I|=1/2, 3/2, and 5/2 interac- 
tions, respectively. Not 7’s themselves, but the differences between them are physically 
significant, which indicate the degree of violation of the time-reversal invariance in the 
decay processes in question. If the processes are T-invariant, then all the differences of 
77s vanish. 

Now, let us pay notice to the following characteristic quantities of the decay processes : 

1) The branching ratio ¢ between the two modes (=0 and +) of **-decay, 
and the ratio ¢ of the lifetimes of 3” and 2”, 


| 


$a0 (3+ p+2°) /w(St >n4n*) = (1A?+ |B") /(/4. [2+ |B), 

Ryan = (|4,|?+ |B, |?+ |A4. |? +|B. |?) / ( A_\*+|B_'|*). (2-6) 

2) The quantities a, § and 7 (or @ and 4), which are defined for each mode by 

a= 2Re(A*B) /(|Al?-+|B)), 

Pa ae 

ar age 
(@+8+72=1). 


*) =(1—a*)** sing, (2-7) 


The quantities (2-7) are the ones introduced by Lee and Yang,” and especially a@’s are 
the so-called asymmetry parameters. 

Taking into account (2-3)~(2-5), all of the quantities defined by (2-6) and 
(2-7) can be easily expressed in terms of a’s, etc. We shall first give those expressions 
for a simple case of the |4I|=1/2 interaction only (Subsection 4), and next consider 
more general cases. 

A. The case of only the |4I|=1/2 interaction 

We first introduce the following parameters* : 


x= EF” 69" [ (Jayl? + La) / (lal? + lay’ PP, 


Hy) —— CO)! CQ) / / 
tan 0, = &}"" &} |a,|/ la, bs tan DP, = &{" & |a,| las" |, 


11> 4p — Qe (2-8) 
x, gives a measure for the ratio of the effective “ amplitudes” of the final [=1/2 and 
3/2 states caused by the |4I|/=1/2 interaction. Similarly, @, and @%, give that of the 
final S- and P-states. 


In terms of these four parameters, the quantities defined by (2-6) and (2-7) are 
expressed as follows : 


These are quite similar to the parameters introduced by Kawaguchi.») 6, and @, are equal to his 
@ and 9, respectively. However, x, is (1/V'2) times of his x, and y, is absent in ref. 3). 
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f= (24+2x2—4A* x) /(1+4x%2+4A* x) 
C= (1+ 2x,') /3 
a= 4 (Bx,2>—Cx,+D)/(the numerator of €) 


To= —2[x,cos(20,) + 2A-x,+cos(2,) ]/(the numerator of ¢) 
@ , = 2 (4Bx,°+2Cx,+D) /(the denominator of €) 
| 74= —[4x2cos (20,) —4A- x,+c0s(2,) ]/ (the denominator of €) 
ey = 05 (2 0), (2-9) 
where 
A*=sin 0, sin , cos (0,—0;) +cos 0, cos D, cos (0,, —65;) 
ae 4, cos 0, cos (0,,—0, +7) 


C=sin 9, cos Y, cos (03, —0,+7,) +c0s 9, sin D, cos (0;,—93 + 7;) 


D=sin ®, cos P, cos (03,—03+7;). (2-10) 


The expressions for /7’s are obtained from those of a’s only by replacing the cos-functions 
of 0’s and 7’s by the corresponding sin-functions. What is important here is that all 
of these expressions involve only four adjustable parameters defined by (2-8). 
B. General case including all the types of interactions 
We note first that, also in the case of the |4I|=3/2 interaction only, the quantities 
(2-6) and (2-7) can be expressed in terms of only four adjustable parameters correspond- 
ing tor(2-3),, 1... 
x= EF” EN" | (|B, |? + [by |?) / ([bs|? + |bs' |) PY, 
fn0 er ey” ET bs tan Oey Ep [b, 17 1b, hs 


43— 4p 493° (220) 


In the case of the |4I|=5/2 interaction only, we need only two parameters “; and 7,, 
because of the absence of c, and c,/ in our formulas : 


tan D, aor ay Ic; |/ ou 2 93-Gei Yo- (2 all 2) 


Finally, when there coexist the two types of the interactions, for example, |4I|= 


1/2 and 3/2, we need two more parameters defined by 


Bal Claall ais ee! mun’: 431 = 483 Qs19 (2-13) 


y= ES EL” | (bg |? + | By! 


in addition to the eight parameters defined by (2:8) and (2-11). Roughly speaking, 
y represents the ratio of the effective strengths of the parts of the |4¥|=1/2 and 3/2 
interactions which give rise to the final [=3/2 state, and 73, is the parameter relating 
to the phase difference between the S-state amplitudes caused by these two interactions. 


Similarly, in the case of co-existence of the |4I|=1/2 and 5/2 interactions, we need 
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two mote parameters z and 7,,, in addition to the six parameters defined by (2-8) and 
(271 2)r 


pats) ee at ECA = |<3! ”) / (lag)? + |, |”) ie 451 — 45 Ys1- (2-14) 


Thus, in the most general case including all of the above three types of interactions, we 


need altogether 14 independently adjustable parameters : 
Mie Oi ,, 413 *3> 63, P,, 435 P,, 453 Vo %> Garo and 451° 


In any case, the expressions for £, £, etc., in terms of the relevant adjustable para- 
meters can be obtained by straightforward (but rather cumbersome) calculations. However, 
since those expressions are generally very complicated, we shall not here give << ex- 
plicitly. The details of those expressions for the most general case (with and without 


the postulate of T-invariance) will be given in Appendix. 


§ 3. Possible experimental information on the +-decay interactions 


A. General considerations 
Among the quantities defined by (2-6) and (2-7), the number of the independently 


variable ones is only eight. For example, we can take 


a and @ for each of three modes (i=0, +, —), 


Sr andea (3-1) 


as those independent quantities. This number, 8, indicates the upper limit of the possible 
experimental knowledge on the structure of the *-decay interaction. This is because that 
the physical properties of each mode (i=0, +, —) of the decay processes are completely 
determined by the totally three quantities, i.e: the magnitudes of the two parts 4, and 
B; of the decay matrix element M;, and their relative phase. Among these totally 9 
quantities, the absolute value of |4,|"+ |B;|* is arbitrarily adjustable within the numerical 
factor common to all of three modes by a suitable choice of the average strength of 
coupling. Thus, not the absolute values of A’s and B’s, but their relative magnitudes 
can serve for our purpose. 

The above number, 8, is much smaller than the number, 14, of the independent 
parameters in the most general theory.* Therefore, even if all of the eight quantities 
(3-1) were measured with sufficient accuracy, it is impossible to determine the values of 
all these parameters and obtain the definite information on the details of the +-decay 
interactions. To obtain some information on these interactions from the experimental 
data, it is necessary to reduce the number of the independent parameters by the suitable 


assumptions or models on the nature of the interactions. For example, the postulate of 


* This is mainly owing to that the possible (N+) -decay of the ¥°-particle can be hardly observed 


by the occurrence of the faster reaction, Y°->d)+y7. If the decay 3°>N-+z were observable, then we had 


possessed six more data, i.e. r(Y~)/r(2°), the branching ratio between the two modes 2°» p+n- and Y9> 
n+n°, and the quantities @ and ¢ for each of these two modes. 
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T-invariance imposes that all 77s should vanish. Thus, there still remain the possibilities 
to determine the values of the parameters under such suitable assumptions, and in some 
cases, even to test those underlying assumptions by examining the consistency with the 
experimental data. There would exist many varieties of such attempts. In the following 
subsections, however, we shall consider only several examples for such possibilities that 
seem to be particularly interesting. 

Before entering into the discussions of those examples, let us consider here which 
of the quantities (2-6) and (2-7) seem to be practically measurable. We have already 


known the following data”™ : 


SC SSOS825 Or t= 2220, (3-2) 
and the “up-down” asymmetries, 
PP a 087 2019, P*-a= —013640,21; BW ay s—0.1 3:60.26) » (3-3) 
where P~ and P~ are the average polarization degrees of the parent 3'* and 3”, respec- 


tively. Since the signs and the magnitudes of P’s are unknown, the data which are 


available at present are only those for 
€, €, and a,/a,. (374) 


However, some of the other quantities are also measurable in principle. For example, 
the ratio a@,:a@,:a@_ would be obtained by the measurement of the ratio P-a,:P-a,: 
f * which are produced by the 


P-a_ of the “up-down” asymmetries in the decays o 
P yi Y 


reactions’” 


m*+p—>S*+Kt and Toot tied wick Koyg (3-5) 


because these 3* have the same degrees of polarization, provided that they are produced 
under the same experimental conditions (energy of the incident pion beam and the produc- 
tion angle). (Note that we have assumed the charge-independence of the strong reac- 
tions.) Moreover, Lee and Yang" have recently suggested the method for directly 


obtaining the values of a and ¢.* This is, in principle, not impossible at least for the 


* The value of a can be obtained by the measurement of the polarization (longitudinal) of the decay 
nucleon from the unpolarized ¥. The values of f and 7, or ¢, are to be known from the transverse polari- 
zation of the decay nucleon from the completely polarized hyperon. However, the value of ¢ can be known 
(in principle) also in the practical case where the parent hyperon is partially polarized. In such a case, the 
polarization vector of the decay nucleon is given by 

(1+ P-a@cos%)~ [(—a—Pcosz) p+PBpXs+Pr(pXs) X pl, 
instead of the formula given in ref. 16). Here, s and p are the unit vectors along the directions of the 
hyperon polarization and the nucleon emission, respectively. P is the polarization degree of the parent 
hyperon and % is the angle between the directions of the pion emission and s (cosx¥=—p-s). In addition 
to this, note that P can be known from the values of a and the “up-down” asymmetry P-a. The value 
of P would be useful for the analysis of the production process of the hyperon. The direct measurement of 
a is thus very much desired, since it serves for the analysis not only of the decay but also of the production 


processes. 
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case of the decay nucleon being a proton (mode i=0). If a, is known, then also a. 
and a_ could be known through the knowledge on the ratio @,: a. :@_ obtained by 
the above-mentioned method. After all, we can conclude as follows: Under the favorable 


circumstances, it would be possible to measure the six quantities, 


SC gs Ie Meng ARE Dy (3-6) 


Even if we take into account that the direct measurement of @ is considerably difficult 
owing to the very low energy of the decay nucleon, it would not be difficult to measure 
the ratios @,/a, and a,/a_. Thus, the data at least for the four quantities, 


ft, bel a, ane, Mare (3-7) 


> s? 


would be expected to become available enough. 

B. The |dI|=1/2 theory 

We shall first investigate the selection rule |4JJ/=1/2, as an example of the pos- 
sibilities mentioned in A. As has already been pointed out, a rather large possibility is 
expected that the |dI|=1/2 rule might be violated to some extent also in the case of 
the hyperon decay. However, on the other hand, another possibility has not yet been 
excluded that this rule is absolutely true for the case of the hyperon decay, and this 
might really be the characteristic difference between the decays of the hyperons and of 
the K-mesons. Whichever it may be, the important fact is that the evidence for the 
violation of the |4I|=1/2 rule in the hyperon decay has not yet been found.”~ There- 
fore, among all, the detailed test on this rule would be the first problem which we must 
investigate. 

The test on the T-invariant |4I|=1/2 theory seems to be relatively simple, since this 
theory contains only three adjustable parameters x,, %,, and @,. The experimental know- 
ledge on the values of the four quantities, e.g. ¢, 7, @/a@, and @,/a_, or ¢, £, a 
and @,, would overdetermine the values of those three parameters, and thus provide a 
detailed test for the theory.» Thus, the measurement of @,, itself, or at least the ratio 
@,:@,:a_ by the method explained in A is very much desired. 

In connection with this, note that it is sufficient for the determination of the values 
of those adjustable parameters to make use of the three known data for ¢, ©, and a,/a@.. 
The parameter values thus determined give the individual values of a’s. Or otherwise, 
in this case, we can express @’s in terms of the three known quantities e. f, and a,/a, 
by eliminating the parameters x,, ,, and @, from the (T-invariant |JI|=1/2) theoretical 
expressions for ¢, £ and a’s."") By such a method, Eguchi and Nagata” have obtained* 


a, = + (0.68+0.29), 
a, = + (0.70+0.28), 
a_= + (0.84+0.23). 


“ As a means of testing the theory, they have considered the criterion that the magnitudes |P+| of 
the Y *-polarization deduced from these values of @’s and the experimental data (3-3) should not be larger 
than unity. The above values of a’s do not contradict this criterion. 
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Moreover, we want here to add the following remarks : 

1) Also the general |4I|=1/2 theory without T-invariance postulate can be tested, 
if at least the five quantities €, €, a,, @,, and a_ are experimentally known by the 
method explained in A. This is owing to that the general |4I|=1/2 theory contains 
only four adjustable parameters, x,, 0,, Y,, and Bie 

2) Of course, to obtain the decisive conclusion on the validity of the |dI|=1/2 
rule, it is best to start from the more general theory including all of the |dI|/=1/2, 
3/2, and 5/2 interactions, and examine whether the magnitudes y, yX;, and z of the 
contributions of the |4I|=3/2 and 5/2 interactions vanish or not. This is possible 
under the suitable assumptions on the nature of the interactions (see Subsection D). 
This is important not only because of the above-mentioned reason but also for that, when 
the |4I|=1/2 rule breaks down, the values of the above parameters are necessary as the 
important information on the decay interactions. 

C. The Postulate of T-invariance 

As has been pointed out in refs. 10) and 16), when T-invariance holds, the para- 
meters 7's vanish exactly and thus all of /9’s become very small. This is seen from the 
formulas (A-5) given in Appendix. Thus, if the measurements yield the large value 
for any one of /’s, then we can conclude that the postulate of T-invariance is surely 
violated. Note that this conclusion does not depend on any other assumptions (e.g. the 
|47|=1/2 rule, etc.). 

In addition to this, we want to point out the following facts: According to the 
formulas given in Appendix, the only changes, caused by the violation of T-invariance, 


in the expressions for ¢, ¢, @’s, and 7’s are the replacements, 
cos (0’s) —> cos (0’s+7’s). (3-8) 


In practice, when T-invariance holds, the cos-functions of the left-hand side of (3-8) 
can be approximated by unity. This is owing to the very small values of the 7—N 


scattering phase shifts 0’s at the +'-decay energy : 
fee 0,~% —8°, 03,740, —2.5°, and thus 
| cos (0,—0,) 0.93, cos(0,,—03,) ~1.00, 
cos (03, —0;) ~cos (0;,—9,) 0.99, 
cos (03, —0,) *~cos (0,,—0;) 0.96. (3-9) 


For such small angles, the changes of cos-function caused by the relatively small changes 
of the angle are almost negligible, while the changes of the corresponding sin-function 
are proportional to those of the angle. Therefore, we can say roughly that the relatively 
small deviation from T-invariance can affect only the values of /3’s. Unless the definite 
evidence for the violation of T-invariance is found, there would be a considerably high 
reliability in the values of the parameters which are determined consistently from the data 
for ¢, ¢, @’s and 7’s, with the postulate of T-invariance. Particularly, if the main decay 


interaction is the |4I|=1/2 type, then the expressions for ¢, ¢, and 7’s are practically 
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independent of the T-invariance postulate. On the basis of the above considerations and 
because of the fact that any evidence against T-invariance has not yet been found, we 
shall assume this in the following. 

Strictly speaking, even if the experimental data for all of /’s are quite small, we 
cannot conclude that T-invariance holds, unless the values of all 7's are found to be 
exactly zero. However, as has already been seen, the number of the parameters in the 
most general theory without T-invariance is too large to determine their values by the 
experiments. The situation is not much altered even under the postulate of T-invariance. 
(The number of the parameters in this case is 9.) Thus, as far as it concerns only 
with the decays (2-1), we can conclude as follows: Even if all of the quantities ( 3-1) 
were measured with sufficient accuracy, the best we can do is to examine the consistency 
of the T-invariant theory* with the suitable assumptions on the dynamical nature of the 
interactions. 

D. Assumption of the decay Hamiltonian and the 


The quantities |a|’s, etc., can generally involve not only the effects of the elementary 


“* one-to-one’ law 


decay interactions but also those of the strong (e.g. the final state 7-N) interactions, 
and accordingly the relation between our parameters and the form of the decay Hamiltonian 
is very complicated. However, if the effects of the strong interactions can be neglected, 
then there holds some direct and simple relation between them. According to the results 
of the perturbational computation, those effects of the strong interactions are, in fact, 
very small. Of course, the perturbational treatment of the strong interactions is very 
doubtful in many respects. However, here we shall tentatively adopt this assumption.** 

In addition to this, let us assume that both parts of the |JI|=1/2 interaction 
which give rise respectively to the final I=1/2 and 3/2 states have the same types of 
coupling. Here the “type of coupling” means the form of the spin- and momentum- 
dependence of the interaction Hamiltonian. For example, if the interaction is of the 
Yukawa type, then the Hamiltonian can be written symbolically as, say, 


GPx (A+17;) 0:05: dx, 


except for the isotopic spin factors. The “type of coupling” means the form of the 
operator (1+ 77;)0;. Within a general frame of the terminology “| JI|=1/2 interaction”, 
the above two parts can have different types of coupling. However, in the usual 
dynamical approach, one would tentatively assume such a relatively simple Hamiltonian (e. g. 
see (3-23) or refs. 7) and 18)). Similarly, let us assume the corresponding two parts 


of the |4I|=3/2 interaction to have the same types of coupling to each other. Under 
such assumptions, we have 


6,=, and 6,=9,. (3-10) 


* x A 
The only exception is the |4I|=1/2 theory. We have seen in B that the test for this theory does. 
not necessarily need T-invariance. 
4k Per 
Umezawa et al.!#) have insisted on the validity of this assumption, 


basing on their s i 
. i peculations on 
the difference of the effective domains of the strong and weak interactions. 
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As an alternative assumption, we can set also as 
6,=6,=6, 0,=0,=0,=0, (3-11) 


instead of (3-10). This corresponds to the assumption that the types of coupling of 
the parts, responsible for the final [=3/2 state, of the |41|=1/2, 3/2 and 5/2 interac- 
tions are of the same to each other, and the similar assumption for the parts responsible 
for the final [=1/2 state. (3-10) with the postulate of T-invariance reduces the 
number of parameters to only 7. (As for the case of (3-11), see later.) 

Moreover, for example, if the part of the |4I|=1/2 interaction which gives rise to 
the final I=1/2 state has the (V—A) coupling of the Yukawa type described symbolical- 
ly as 


dy g x gy’ 1s) Vu Ps fe) O-. F) GB oa! 2) 
then” 
a,/a,'= (9/9') | (M—m) /(M+m) | {[ M+m)?— p?)/[(M—m)?—72]}}", (3-13) 


where M, m and ys are the masses of +, nucleon and pion, respectively. Under the 
“one-to-one” law (g=+9’), (3-13) yields 


O,x2 +50°. (3-14) 
Similarly, if it is the (S—P) coupling, then 
a,/a,' = (9/9') {| M+ m)?— 7 )/[ M—m)?— pet”, (3-15) 


” 
** one-to-one” law, 


and, under the 
O,~ +85". (3-16) 


Thus, corresponding to the particular assumption for the coupling types of the various 
interactions, the values of 6’s and @’s are determined uniquely, and the number of the 
free parameters becomes only 4, at most, i.e. x,, x,, yand z. Therefore, if four quantities, 
at most, say (3-7), be measured, we could know the strengths of the |4I|=3/2 and 
5/2 interactions required by the particular assumption on the types of coupling. (For 
example, see (3-21).) Of course, it is possible also to test such an assumption on the 
coupling type, when the five quantities €, C, @, @,, and a@_ can be experimentally 
known. (See also the remarks towards the end of this Subsection.) 

With a similar assumption as above, Eguchi-Nagata? and Nakagawa-Umezawa™ have 
investigated the compatibility of the |4I|=1/2 and the 
the negative answer. However, their result can deny neither one of these two laws, since 
both of them are never the ones beyond the merely tentative assumptions. In view of 
the success of the “ one-to-one’? law in the lepton processes, it would be very interesting 
to investigate this law in the more general frame including also the interactions other 


than the |4I|=1/2 one. The above consideration show that such an investigation is, 


*‘ one-to-one” laws, and obtained 


in fact, possible. 
Finally, we want to add the following remarks : 
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1) Assumption (3-11) seems to reduce the number of parameters to 6. However, 
actually, it reduces this number to only 4. Under this assumption, the expressions for 


€, C, etc., become as 
= (1/2)[(24—B)?+ 4 (1—q) AB]/[ (4+ B)*—2(1 —q) 4B] 
¢= (1/18C”)[ (2A—B)?+2(A+ B)’*] 
a= (44? s—4ABp+ Be) /| (24—B)*? + 4(1—q) 4B] 
a, = (A?s+2ABp+ Bt) /| (A4+B)?—2(1—q) 4B] 
= Ss (3-17) 
with 
A=1—2/2/5y+V/3/5z, B=2x,+yx,, C=14+V2/5yt+V/1/15z, (3-18) 
and 
p=sin(9+9), q=cos(9—), s=sin(2M), t=sin(24). (3-19) 
7’s ate obtained from the corresponding a’s by replacing the sin-functions of 4 and @ by 
the minus of the corresponding cos-functions. Thus, in this case, the essential parameters 
ate eventually only B/A, C/A, 9 and ®. Under the particular assumption for the types 
of coupling, we have only two adjustable parameters B/A and C/A, which can be deter- 
mined by the known data (3-2) (e.g. see (3-21)). It is remarkable that, in such a 
case, we cannot know the individual values of x,, x;, y, and z. The meanings of the 
parameters B/A and C/A are obvious: C/A gives a measure for the degree of violation 
of the |4I|=1/2 rule, since the condition y=z=0 imposes that C/4=1. Similarly, 
B/A gives a measure for the ratio of the effective strengths of the two parts of the total 
decay interaction which give rise respectively to the final I=1/2 and 3/2 states. 
2) Under the combined assumption of (3-10) and (3-11), 
€= (1/2)[(24—B)/(A+B)P, €=(1/18C*)[ (24—B)*+2(A+ B)*], 
Qa, =Aossin(26), Nn=fe<S7-= —cos (2) : GB : 20) 
Note that the relations a,=a,=a_ and 7,=7,=7~_ hold independently of the coupling 
type, and thus, this model can be directly tested, if the radio a,:@,:a@_ be measured. 
The data (3-3) seem to indicate that a,=a,. If we extrapolate this also to @_ and 


assume (3:10) and (3-11) to be true, then the data (3-2) are quite inconsistent with 
the |4I|=1/2 rule. Namely, the expressions (3-20) and the data (3-2) lead to 


B/A~0.29 + 0.04 B/A~ — (10.24 2.8) 
or 
|C/A|~ 0.40 + 0.05 |\C/A|~2.8+0.6. (3-21) 


Moreover, if the coupling is the (V—A) ot (S—P) one of the Yukawa type with 
g=+9' (the “ one-to-one” law), then we get by (3-14) and (3-16) 


Q=at,=a_=+1, or aq=a,=a_=+0.2, (3-22) 
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respectively. Both of these two cases are not inconsistent with the data G=z3)m tlevis 
obvious that the previously quoted works of refs. 7) and 18) are the special cases of 
the present consideration. 

E. Conclusion 

We have investigated what information could be obtained, at least in principle, by 
the measurements of the decay processes (2-1). The essential limitation of such infor- 
mation (owing to the insufficiency of the number of the observable quantities) is clarified, 
and within this limitation, the various possibilities are discussed. Especially, the measure- 
ment of the individual values of a’s, or at least, that of the ratio a,:@,:a_, is very 
much desired for the more definite tests on the |4J|=1/2 rule and the analysis discussed 
in D. 

We have seen that, as long as the effects of the strong interactions are neglected, 
the values of our parameters s and @’s have certain correspondences with the “dynamical” 
assumption for the form of the decay Hamiltonian. In other words, the “ dynamical ” 
approach, in which only the lowest order effects of the decay interactions are taken into 
account, is never the one beyond our “ phenomenological” analysis. For example, to 


assume tentatively the decay Hamiltonian 


H=[9,P(1475)7.2* HM °+9,N14-73) 7.2% 9,0 - 
+g9_N(1+4+7;)7,.2~ 9, /f*]+h.c. (3-23) 


is equivalent to our combined assumption (3-10), (3-11), and (3-14). In fact, except 
for the absolute values of y’s which relate to the absolute probabilities of decays, the 
essentially free parameters involved in (3-23) are Y,/g,, and y/g_, whose number is 
only two in agreement with that of the parameters appearing in (3-20). 

However, the analysis of the present paper is advantageous in that, in general, it 
does not necessarily need the neglect or the perturbational treatment of the strong interac- 
tions. For example, even if the full effect of the final state interactions are taken into 
account, the relation (3-11), and accordingly (3-17) would be expected to hold, provided 
that the types of coupling are same for all of the |4I/=1/2, 3/2, and 5/2 interactions. 
Similarly, the discussion in B on the |4I|=1/2 theory is completely independent of the 
assumption for the dynamical nature of the interactions. Thus, we feel that the analysis 


ef 
of the present paper covers almost all that we can do at present on the +-decays. 


§4. Decay of the /’-particle 


A similar analysis to the one for the +-decays is applicable also to the case of the 
A’-decay. In the following, we shall briefly mention on this case. 

A. Kinematics 

Since the isotopic spin of A’ is zero, the types of the interactions which can con- 
tribute to the decay A’—>N+7 are only |4I|=1/2 and 3/2. The final states produced 
by these two types of the interactions are purely [=1 /2 and 3/2, respectively, and thus 


it is unnecessary to add the sufhx (1 or 3) to the quantities 4 and 6.* Thus, even in 


the most general theory, the free parameters are only 
y= EO 6°" [ (BP |6' 1) / (lal*+ la) 1 


tan 9=E0" EM. |a/|a'|, tan D=E” EM. |b] /|b’|, 


; ite, : Sener 4-] 
Y= Yae-Ya> We=%0— Yer» 2= Tea Tas el 


where 
a=E|\a|-expi(O, +H), a’ =E%’|a’| -expi(O, +7), 
ite ea aa b= |B| -expi (Oy. + 40). (4-2) 
6, M, and y in (4-1) correspond to 6,, @,, and y/x, for the case of Y-decays, respec- 
tively. 
: = 0 _—— i) 

We can express the branching ratio ¢,==w(A°—>p+7) /w(.f—+n+7"), the asym- 

metry parameters a’s and so on, in terms of the above six free parameters. Those ex- 


pressions basing on the most general theory will be given in Appendix, (A-10). Under 


the postulate of T-invariance, they become as follows : 

(€,=[2—2/ 2 y cos(O—®) +y7]/[1 4212 y cos (O—@) +24"), 
a,=[2 sin (20) —2)/2ysin(9+@) +? sin(2@) ]/ (numerator of £,), 
a,=(sin (20) +2) 2 y sin(9+@) + 2y* sin(2@) ]/ (denominator of £4), 
Ta= —[2 cos (26) —2/2y cos (4+) +-y* cos(2M) ]/ (numerator of £,), 


| o= —[cos (29) +22 y cos(O+@) +25? cos (2M) ]/ (denominator of é,); 

and Pa~Py~0, (4-3) 
where the suffices a and 6 denote that the quantities are respectively corresponding to the 
decay modes, 
M—> p+ (a), and A°—>n+7° (6). (4-4) 


In (4:3), we have approximated the cos-functions of the differences of 0’s by unity, 
since the —WN scattering phase shifts are very small at the [’-decay energy. 
Similarly, under the |4I|=1/2 theory, 


F,=2, va=fo= — cos (26), 
A= My) =sin (2) cos (0,,—0, +7) ~sin(20) cos 7, 
8,=2,=sin (20) sin(0,,—0,+ 7) ~sin (29) siny. (4-5) 


In (4-5), we have not postulated T-invariance. 


* The meanings of the notations are similar as those of § 2 and 3. Although the interactions for the 


0. . 
AD-decay are not necessarily same as those for the X-decay, we use here the same letters a and b to avoid 
unnecessary complications. 


Possible Experimental Tests on the Decay Interactions of Hyperons 471 


B. Possible experimental. information 

Through similar discussions to those in the previous sections, what can help to 
determine the nature of the decay interactions of this case are at most five quantities, 
€.g. Sa, @,, A, O, and d,. The data obtained thus far are” 


(w(M—>n+7°) /w (A, total) =0.32+0.05 (€,~2.1) 
P-a,=+0.44+0.11, (4:6) 


where P is the average degree of polarization of the parent J”. 

Under such a circumstance and with the formulas (4-3) ~ (4-5) and (A-10), we 
can draw several conclusions on the possible information obtainable from the experimental 
analysis of the A’-decays. Since the details of the discussions are quite similar to those 
of § 3, we shall not here repeat them. However, we want here to emphasize the im- 
portance of the measurement of a@, and @,, or at least their ratio* @,/a,. This is 
owing to the following reasons : 

1) Analogously to the discussion in § 3. B, let us assume T-invariance and 0=@. 
In this case, (4-3) reduces to 


(fa=[0/2 —y)/1+Y2y)F 
lap=a,=sin(20)  7.=71=—cos (24). (4-7) 


On the other hand, we have seen that, if the |4I|=1/2 theory be true, the relations 
a,=a@, and ¢,=¢, hold independently of any other assumptions. Thus, the measurement 
of the ratio @,: a, provides a means of test for the above two models. However, the 
following should be noted: From the conditions a,=a, and ¢,=¢, alone, we cannot 
judge which of the above two models is true. When the measurement shows @,=4,, 
the test of the |4I|=1/2 rule requires a more accurate measurement of €,. If we 
assume (4-7) to be true, then the data (4-6) confine the permissible region of the 


value of y within 
—2.5>y>—28 or +0.03 >y>—0.03. (4-8) 


2) If the individual values of a, and a, were known, then we could determine 
the parameters of the general T-invariant theory including both of the |4I|=1/2 and 
3/2 interactions. Moreover, if we neglect the effects of the strong interactions, then, 
from the values of 9 and @ thus determined, we would be able to know the coupling 
type of the decay interactions. For example, if we assume the coupling type of both 
of the |4I|=1/2 and 3/2 interactions to be (V—A) or (S—P) of the Yukawa type 
with the “one-to-one” law, then we get (similarly to (3-22)) 


A,=a~+0.9 or +0.1, (4-9) 


* The measurement of at least the ratio @,/a, would certainly be possible, although it would be more 
difficult than the measurement of the corresponding ratio a: a@4:@— in the ¥-decays, owing to that both of 
the two decay products, n and 7°, in the mode 6) are neutral. 
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respectively. It is remarkable that the (V —A) coupling is not inconsistent with the 
data (4-6), but the (S—P) coupling is completely ruled out in this case. (Note that 
the magnitude of — in (4-6) cannot be larger than unity.) 


Appendix. General formulas for ¢, £, ete. 


A. The case of the &'-decays 
1) T-invariant theory including all the possible interactions 


The expressions for ¢ and € are given by 
&=N,/N, and ¢=(N,+N.)/(9N_), (A-1) 
where 
N,=2+2x,2— 4x, cos(0,—9,) + (8/5) y°{2+ (5/16) x2+ (5/1/10) x, 
X cos (9,—@;) } —2y{41/ 2/5 [cos (P, —Y,) —x, cos (4, —D,) ] +x, 
X cos (9; —B,) —x,x, cos (9,— 95) } + (6/5)2+4+2y 3/5z{2c0s(M,—@,) 
— 2x, cos (6,—9,) —x,y cos (0,—9,) —4V/ 2/5 y cos (@,—9,) }, 
N,=1+4x,+ 4x, cos(9,—9,) + (8/5) 9° {1+ (5/8) x,°— (5/10) x, 
x cos (4; —@,)} —2y {2 2/5 [cos (P,—@,) + 2x, cos (6, —@,) ]—x, 
X cos (4, —D,) — 2x, x, cos (4, —O5)} + (3/5) 2+2y 3/5 z{cos (M,—,) 
+ 2x, cos (,—9;) +x,y cos (O;—@,) —2y 2/5 y cos (P,—,) } , 
N_=1+4 (2/5) y+2y 2/5y cos(@,—,) + (1/15) 2 
+ (2/15) z cos (P,—9,) + (2/5) V2/3 yz cos (M,—.), (A-2) 
and thus the numerator of £& is 
No+N..=3[1+2x)?+ (8/5) 9° {1+ (5/16) x2} —41/ 2/5 y cos(@,—@,) 
+ 2yx, x; cos (O,—O5) + (3/5) 2+2y 3/5 zcos(0,—@,) 
— (41 6/5) yz cos (Y;—,) }. (A-3) 
The expressions for a’s are as follows : 
a= (2/N,)[sin(29,) — 2x, sin(O,+@,) +x,° sin(26,) 
—y{41/2/5|sin(@, +3) —x, sin(9,+9,) | 
+x, sin (P, + O,) --x,x, sin (, + 6,)} 
asa {2 sin (23) + (5/v/10) x, sin(@,+,) + (5/16) x,2 sin (204) } 
TV 3/52{2sin(O,+@,) —2x, sin (4, + @,) —47/2/5y sin (D,+,) 
— yx, sin(O,+@;)} + (3/5) 2 sin (2@,) |, 
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a, = (2/N,)| (1/2) sin(2@,) + 2x, sin(O,+@,) + 2x, sin(20,) 
—y{2V/ 2/5[sin(@,+@,) +2x, sin(O,+9,) ] 
—x, sin(9,+9,) — 2x,x, sin(0,+ 6) } 
+ (4/5) 9° {sin (203) — (5/1/10) x, sin(9,+9,) + (5/8) x,? sin (29,) } 
+ 3/5 z{sin(P,+@,) +2x, sin (O,+,) —2)/2/5y sin(D,+9,) 
+ yx, sin(9,-+ @,)} + (3/10) 2? sin (29,) ], 
a_=(2/N_)| (1/2) sin(29,) + 2/5y sin(@,+ D,) + (1/5) 9? sin(2%,) 
+2{(1/V/ 15) sin(%,+ 9%) + (1/5) 2/3y sin( P+ @,)} 
+ (1/30) 2 sin(29,) ], (A- 4) 


The expressions for 7’s are obtained from those for a@’s by replacing the sin-functions of 


@s and @s by the minus of the corresponding cos-functions. Finally, the expressions 


for /3’s are obtained from those for the corresponding @’s by the following replacements : 
sin(%;+ 9,) + 0.1 sin(P,+ D,), 
sin (9,+ 9,) >—0.27 sin(@,+9,), 
sin(9,+ 6,) 0.1 sin 9, cos 9,— 0.27 sin 4, cos 9; 
= — (1/2) [0.17 sin( 9,+ 6,) —0.37 sin (@,—9,) ], 
GB, (Sled, 15)s (A-5) 


In (A-1)~(A-4), we have approximated the cosine functions of the differences of 0’s 
[e. g. cos(0,—0;), etc.] by unity. This gives rise to the errors of only a few percent. 
The exact expressions (without this approximation) can be easily obtained from the ex- 
pressions in the most general case only by setting all 7’s as zero. [See (A-7)~(A-9).] 
In (A-5), we have taken into account that, by (3-7), 


sin (0, —0,) ~~sin (0,,—90;) 0.1 
sin (03, —0,) ~sin(0,,—9,) ~ —0.27. (A-6) 


2) The most general theory without the postulate of T-invariance. 
In this case, the required expressions are obtained from the formulas (A-1) ~ (A; 4) 
of the T-invariant theory by the following replacements : 


a. The expression for ¢ and ¢ 
N,ON/. G=0, +, —), (A-7) 
where N,/ is the quantity obtained from N; by the replacements, 
cos (9,—,;) sin 9; sin, cos (0, — 9; + 745) 
+ cos 9, cos P, cos (0;,— 93, + 4i— 45+ Hy)» 


cos (P;—D,) > sin, sin; cos 7;;+ cos P, cosP; cos (4; — 4; +735) 5 
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cos (,— 0,) —>sin 9, sin 9, cos 7g + cos ; cos 4; cos (He— 45+ His)» 
with Ta Tas Te 9s and 7%3;=%s1— M1 (i jj) ag S} (A-8) 


b. The expressions for a’s and 7’s 
These require, in addition to (A-7), the following replacements for the sin-functions 


of 6’s and @’s in the expressions (A-4) of a’s, and the corresponding cos-functions in 
the expressions of ede 
sin(P,+@,) > sin @; cos @, cos (03;— 93+ 45+ 74) 
+ cos, sin@; cos (03;— 93+ 4— Ga) » 
sin (0,-+ 0;) sin 4, cos 7; cos (6,,—-0,+74;+7;,) 
+cos @, sin 9, cos (01,—9, + 7e— Hy) » 
sin(0,+@,) sin 0, cos P; cos (03, —0, +74; +74) 
+cos 4, sin; cos (0;;— 03 + 4i— 4x) 
cos (P;+ @;) -> cos P, cos P; cos (4;— Gir 743) —sin®, sin, cos 75, 
cos (9;+ 9,) cos @; cos 9; cos (4;— Gi + 4x) —sin O, sin 9, cos 7, 
cos (6,+@,) > cos 4; cosP; cos (O1,— 83, + Gs — 5+ Ges) 
—sin 0; sinD, cos (0,— 93+ 4:5) - (A-9) 


Note, that the replacement (A-9) keeps cos (20,) and cos(2%;) unchanged. 

c. The expressions for /’s 

These are obtained from the expressions for a’s (in the present case) by replacing 
the cos-functions of 0’s and 7’s by the corresponding sin-functions. 

B. The case of the A’-decays 


éy=(2+y—22 A*-y)/(1+2¥4+2V2 A*-y), 

U,=2 (2B+ Dy’—y/ 2 Cy) /(2+y°—-2 2 A*-y), 

a,=2(B+2Dy?+7/ 2 Cy) /(1+2y°+2y2 At-y), 

a= —[2cos (20) +y* cos (20) +212 AX-y]/(2+y°—22 A*-y) 

p= —[cos (20) +2y? cos (20) —21/2 A--y]/(1+2y+2Y 2 A*-y), 
(A-10) 


where 
A* =sin ™ sin cos (0;—0,+ 7.) 40s 0 cos @ cos (03,—O1; +7») 5 
B=sin 0 cos 4 cos (0,,—0,+%), 
C=sin 0 cos cos (03,—- 0, +yp+ 7) + cos 0 sin® cos (0,;—03;— y+ 7) ; 
D=sin® cos @ cos (03,—93-+4,—7s+7%) . (A-11) 
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> . . . 
§’s are obtained from a’s by replacing the cos-functions of 0’s and 7’s by the correspond- 
ing sin-functions. 
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Expanding Deser’s propagators!) by the coupling constant according to Laurent”, we can calculate 
the propagators with the gravitational correction by the prescription of Hu‘). If we use these corrected 
propagators in the calculations of S-matrices, each Feynman diagram converges except for the cases 
of vertex number n=2 corresponding to graviton self-energy due to boson and to graviton-graviton 
scattering, the former of which may be dropped because of gauge invariance. And the larger the 
degree of diagram is, the better the convergence is. 


$1. Introduction and summary 


Recently Deser’ pointed out a possibility that the usual singularities of propagators 
may be removed by taking into account the interaction with the gravitational field. 
According to him the singularities would not appear because the measure of Riemannian 
space which produces the singularities becomes zero and, therefore, gives no contribution to 
Feynman’s path integral’. But as Deser himself said, it is not easy to carry out the 
path-integration and a rigorous proof of his conjecture would seem to require a_ better 
developed mathematical theory of measure in functional integrations. At present we have 
no way, except for the perturbational calculation, to study the situations more concretely, 
but, as Deser said, the power series expansion by the coupling constant may not be right 
for high energies and, therefore, the power series expansion solution of Laurent” have 
maybe no meaning for this purpose because the theory contains the derivative coupling 
and diverges if we use his original forms of propagators. But as Hu® calculated the S- 
matrix in the pseudoscalar meson theory having the pseudovector coupling with nucleon, 
when we use the propagators corrected by the second-order self-energy parts, the situation 
is the same as in an electrodynamics even if there are derivative couplings and so the 
power series expansion by the coupling constant may have a meaning, though it is against 
Deser’s intension. The Feynman method is known to be equivalent to the canonical one 
for a usual fields. When we expand Deser’s propagators by the coupling constant 
according to Laurent’s prescription f 
the ine of pha ie ee eae eA pie Sa erenaonerg — 

nose calculated by the usual 
perturbational method in the canonical formalism®) for large momenta. Whether or not 


the two procedures differ somewhat in the gravitational field the Feynman method seems 


“ Here we use bosons as including no graviton. 
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to provide a consistent approach. It seems to avoid at least some of the difficulties en- 
countered by extensions of the canonical method to the highly nonlinear problem in the 
gravitational field because in the Feynman method we need not consider all operators at 
once ; we may begin with constructing just one of them, ot some other operator that 
we think might be simpler than the basic operators of the canonical theory”, and this 
prescription has the further advantage of exhibiting crucial differences between matter 
and gravitational interactions ; i.e., the matter Lagrangian simply has no free-particle part 
any longer”. 

In Sec. 2 we expand Deser’s propagators by the coupling constant. In Sec. 3 we 
calculate the second-order self-energy of fermion due to the gravitational field and obtain 
the propagator of fermion corrected by that self-energy part. We see that the corrected 
propagator behaves like p~* for large momenta p. In Sec. 4 we calculate the second- 
order self-energy of boson due to gravitational field and that of graviton due to fermion 
field and obtain the propagators of boson and graviton corrected by that self-energy part. 
We see that the both corrected propagators behave like p~* for large momenta p. In 
Sec. 5 we calculate an S-matrix with these corrected propagators and find that the term 
corresponding to each Feynman diagram converges except for the cases which have the 
vertex number n=2 and correspond to the graviton self-energy due to boson and to the 
graviton-graviton scattering, the former of which may be dropped because of gauge invari- 
ance. But in the perturbational calculations we must use the cut-off method to remove 
the divergences and, therefore, it is against Deser’s intention. Accordingly if Deser’s 
conjecture is right, the essential contributions to his theory must come from the strong 
interactions with the gravitational field or large metric tensors which cannot be treated 


perturbationally. 
Finally there is the problem of new poles discussed by Feldman”. Here we can 


? 


only say that at present there is no way except for his so-called “ rule 


§ 2. Power series expansion of Deser’s propagators 
The propagator of fermion interacting with the gravitational field is*} 
(T (1) G01)) feral $1) P(1')exp[—LY, $, gir) PPodogy,, (1) 


where T is Wick’s ordering operator and the integral of right-hand side is Feynman’s 


path-integral” and 


($F ss) =| Ld, (2) 
L=V g {B?R— igh GV.—-A)¢} (| is a fermion mass) , (3) 
N= \ exp| ae I(Y, i, Bu) JOpopo gu, ? (4) 


B= 2K  (K is Einstein’s gravitational const.) , (5) 


478 Y. Miyatake 


R=9""Ry, 
& el OR PS ? 
g= —determinant (4,,)- 
g*” are metric tensors and R,, are Einstein’s curvature tensors. 7, are covariant deriva- 
tives defined by 
r= ,-T.)¢, 
def Oe= 1 on late 


where /’,,,, are usual affine connections. 


According to Laurent” if we assume that 
shag — By”, (6) 


(g* are metric tensors in the Minkowski space) and expand eq. (1) with respect to B 
we obtain 


(TUA)FA)) W=N-| FG)GA expl—i | (LP+LP+LY) a] dpagAL,,, (7) 


where 


N= | exp| — i (LO +LD+ LY) d*x| dGdgoZ,,., (8) 
Ly - ty (*0,—9,7*—2p) V, (9) 
2 
LD =~ BysO%y, (10) 
02 = 0° (70, —9,7*—2y2) + (0402 4040") (F*9, — 9,7), (11) 
and 
Lip = — 4X (DOG — 4h Gas G) Luv.ce « (12) 


(7* are Dirac’s 7*-matrices in the Minkowski space.) Here the Lagrangian is taken into 
account to the first-order in 9. Later we expand exp| —i| LS§)d*x] in eq. (7) with re- 
spect to 3. 


§ 3. Propagator of fermion corrected by the second-order 
self-energy part due to the gravitational field 


In order to obtain the second-order self-energy of fermion due to the gravitational 
field we expand eq. (7) with respect to 9 and calculate the following expression : 


8, 1) = —ANo"| $A) FAD (HY) HO) ORC) YO 8) FO) OL) HH) 


x exp| —i (IP +15) ]0¢dG0%, d'xd x’, (13) 
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where ; 
N= | exp —i(I +1) Jdpapay,, . (14) 
Now the propagators of free fermion and graviton are 
genet ‘| exp[ — i$] 09} “I (1) Bd) exp[— iI] 0G09 


=S,(1—1’) ei (45) 
and 


Res (1, 1!) = {{ expl—i 9102.5} = He, (1) 8 1Vexp[ iT? ] 0%, 
=——G3(1—1'), (16) 
Z 
respectively, where G§i(x) satisfies the following Ae 


4 (0z05 — 0505) (—L) —i€) Gee (x) = 07050 (x) (17) 


and its Fourier transform is 


Giz) = = (050 = 40702) lim : 
") e>0 k? —1€ 


(18) 
Consequently we get 
Sy (1,1) = =| REE (x, x) S(1, x) OF (x) S (x, x) OL) SX, V)dixd’x’, (19) 
16 


Hereof the gravitational self-energy of fermion in a plane wave state u exp(—ipx) is given 
by” 


4E==| Ges (x—x’) | (i exp (ipx) OF (x) S,(x—x’) OF (x’) u exp (—ipx’) Jd*x (20) 


= (iM), (21) 
where 
= ( (@505— 0505) * [08 if” py ke) +244 
8 
—i (0403 — 30500) 7? (2p, —ky) [aS ae Py — 3% fi?* (2p, —k,) + 2p} 
: (p—hyi+ye 
— i (0203 — 48403) P> (2p, —k,) lak (22) 


is calculated using Feynman’s cut-off method?. Eq. (22) consists of the terms 
AS Se (Bi) {(p—b)? +e} 1d, 


where n is the power of k in the numerator of the integrand varying from 0 to 3. For 


instance, 


480 Y. Miyatake 


1, (3) = [bok hy (E+ Pi)“ (p—B)?+ 1d 


J= 


=| dx | bakek, (k — 2pkx— 4) ~*d*k, (23) 
0 —o 
where 
4=—#(1—x) — (p+ +ié)xtié. (24) 
If we differentiate eq. (23) two times with respect to #, we get 
1 o 
Lae 6| dx ["h.kk, (1 —x)? (k—2phx— 4) ~*d. (25) 
After integration over k we have 
e > * ' — 
Fy (32) = 6} de(1—x)? | — pops par (pe +4)? + * A(pxe+ 4) 1 (26) 
0 241 Z 
and 
(a Pa yer 
I, (#7) =| dx] pop: Par (In D+C?+C’) + A{D(ln D—1)+C"F+C" | : 
4iJ0 
(27) 
where C, C’, C’’, C’” are constants and 
A= pO.yt prOon+t Pur» (28) 
D=pxe+ 4=p’x—#? (1—x) a (pete +i€) x+i€, (29) 
Retaining only —/°(1—x) in D, we get for A4>y, 2>p° 
, iL 1 . <\ 29 2, oe we 
PO =) == 6, b. | (In —cr)—V_ 2 TB 
3 (0) — I, (4°) age z Pal P ) 48. 4 a, =A a 
2\2 2\3 2\4 2 
ae + ay +2 (1+ F) += (1 = nif In | 
aN pL aN RL aN pe 
1 Reus as Lae a ee P ‘ 
“b+ | -In 4? — -+ — — — ) AP —— (p?+ 4p) Ing’ 
81 6 ( 2 36 ) he ee 
i og BEN ES ue 3) Ts > 2 
—{—p( 1+) ——p{1+4) lin # _ 3 op 
real ~ =f, Py erre Pas 
eee LEN wd dee $F ye Se we \> 
a ae ico a (+4) 42 6c aan |. 30 
36° ry, 24! Pp mei pls pe 


Eq. (30) is of the order of p’ for large momenta p- 
In the same way we can calculate [,(0) —I,(4), I,(0) —I,(#) and I,(0) —[,(#) 
but these terms are of lower order than p. 
With these terms we calculate M,, eq. (22), and if there are the terms depending 
on 4 after subtraction corresponding to mass-renormalization, we must impose conditions 
upon the weight factor G(/) according to Feynman in order to drop the /-dependent 
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terms. From eq. (30) G(A) must satisfy the following conditions in the worst case : 
G(di=1, | PG (A) di= |e eG die | in2-G (2) di=o. (31) 
3} JO 0 J0 


At any rate we get in this way the finite part of M,, that is S., which behaves 
like p*® for large momenta p. 

Now if we think any internal fermion line in a given Feynman diagram the total 
radiative effect from the second-order self-energy parts due to the gravitational field can 


be taken into account by substituting the following S/-function for S,,-function : 


Sp (p) =Sz(p) +52 (p) 5. (P)Se(p) ++ =Se(p) (1-5. (p) Se (p)} 5 (32) 


which is of the order of p-° for large momenta p. 


§ 4. Propagators of graviton and boson corrected by the 
second-order self-energy parts due to fermion and 
graviton fields respectively 


First we calculate the second-order self-energy of graviton. We define the pro- 
pagator of graviton interacting with the fermion field as follows : 


ep 


(T (f(D) 8.(2')) = N™| 5(1) 45 (1) exp[—T (GY, $, Yur) ]Opddoy,, (33) 


= wo (1) 72 (1) exp| — if (LO+LDO+LD) d*x]dpdgoy,, , (24) 


where I, N, L$, LS? and LY are the same as those in Sec. 2. 


From eq. (33) we consider the following second-order term 


3 ? , yh ol 
Sieg, V) == Ie" | 72) 80')() 12h) FOF) H) 


X Lil (x) B(x!) OF (1) (x!) exp[ — 1 ID + IP) ] BPOPO Yd xd x! 
a | Re! (1, x) REZ (x, V/) B(x) O% (x) S(x, x) OF (2’) He") 
32 
X exp| —il5? |dg0¥d'xd'x! {| exp| —il) gag ~ 
With the relations 


oh (x) =| i (p) ete p, $x) S \ eR E = tae-21) dq, 


g+y 
the above expression becomes 
= tes. . gy — 4 
KL Res (A, 3) REEG, VB Cp) Of By =iPon = ign) RE 
32 qe 


X O8 (81, =i4y 91 = —ik,) y (b) exp[i(p—q) x+ i (q—k)x’] exp| il] 
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d'pd gdh dGdgid 'xd'*x!{ | exp[ — iI] 0gd9} —*. 


We calculate the following expression Sf%(1, 1’) obtained from the above expression by 
moving ¢/(p) to the right, 


Sees Cle 1 = -*{ Rees (1, x) Reve @, 19) S| 07 (0,=ik,, 9,= —ig,) 


Wi Peelleon eee = if *k. 4, 14,14 
p gee LIES Gs (3, ith yo i) TEP |e i(k—g) (x—x’) |d*qd*kd*xd*x’. 
ere qu = xp q 

(35) 


When the gtaviton is in a state 72 with energy-momentum p, the diagonal element is 
& 5 BY g 
given with the relation 


| 15 (2) Risi (2, ») d= 78h () = ht (pe +7 (pe 


as follows : 


| FOS, NGA adx 


a 4 or = 
== —4\ 105, (x) 43 (x’) Spl 02 (0, =tk,, 0, = at, ) iv? re 71 
qte 
Oo (31, = 14, 0/= = —it,) EE! eld 49 thd *xd x! 
a ° 


gk ° (p) xk (p) Sp] O% (3,,=ik,, oy= —i(k iy? (ke +p.) — 
2 {8 P) 28" (P)Sp| O24 (3, Hh, OA) ee 


x OY (O=i(k, +p,), 05= —ik,) Tet |+ x2" (p) 4 (Pp) 


‘ 


x Sp| 0%.(5, =ik,, 8, i(k, —p,)) 1 bebe) — 
s ae p)* +e 


OY Gi=i(k,—p,), A= —ik,) Ae I \fare| dt 
P+ ? 


If we normalize y{(x) in the volume V, the second-order self-energy of graviton is 
AE = 6 (p) Miran (p) 18" (p) +S" (p) Me, (—p) 18 (p) 
= {1 () 18" (P) +230" (P) 285 (B)} Mak (p), - 


Splar 
where 


Misi (p) =— “*™"\ Sp] 0% 8, =i, = —i(k,—p)) 7 b= 
p)* se 


xu B= iby), = — ik) PAH a 
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2= 1Kz* ( Nor Bled ; te, a8 sk ty 
=~ Tol SPL 1 Op (— HF" (he — pa) — ihe — 2p) + (04,09! — 404d?) 


Sei ji ee — {Pp iy” (ky Pu 37 “Oa 0G7) ea he 
(—i7*(k, —p,) —i7%k,) } Gop ce E {08 — ith, if “(ks pu) — 2/4) 


+ (08,0Y — ae Pi ebaaatinl Eat 


= —16iKn'( yo [Phakskrka + (Q+Q'2)kaky + Ree + Rip, 
(i 2 (es Boe . | (37) 


where 
P= 30207051 0a + Og (05105, 03, — 307,0%,08, —302,07,08,) + 20%,02,02,08,, 
Q= Pris ls (4950; — 020%) OF, 02; + B03 (02,03,0%, + 0205,02,) 
— 403 (03,0%,03, +-.09/05, 0, — 20% 0%,0%,) — 303,08, 63,08,}, 
Q! = — 5077105, 8 31 — $05, 05) 081 + O51 0%, 03) + 20200) 08, 
i a0. i 100) PsP ? 
and 


We calculate eq. (37) as before, using Feynman’s cut-off + method. The result is for 


P> wl, p=4p2sin’d, 


Me) = —16ike| I 3 (4 Ap'— 4 Bp’ — pa psp; Ps) +5 (Z Ap? +B) (“+49”) 
—9A(y2+4 pty bln — 3 (Ap! 4+ 4B— 3A +4 p')} Hn? + 34i'In 2 


set ie abies mele wee ig 


ex 8 py Ph ae dae eaten | 
x {8 (Ap'—4Bp'—8p.p : m4} Hor 
=e ide 2) | an- to 
x {a+ FF ao cot 0) +4inZ} | 
on Q'| | —= Baal (2 +27) In( 1 + 2 as Gua) cn : (Pe Ps— Dus P”) 


72 2 2 ‘\) 
x (in +4 imnen (41 cottl) )} 
BL 
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ae “21 — pope + 2p )( 4+ I OG a EL 
4 


ee 72 2° p+ P| — Pebs 193 | 
+In(—p@—2)(~ parr Boas bP +H +4 )) +3P(u r 5 X r +a 
+i Rl aec —Ocot@) —Zp?+2(+/") In( 1 +3)8 or 
8 


+i r[ fin” +2 (1 — A cot 0) a8 (2222 +24) {In(——/) = cn7 if} (38) 
4 lL 


where 
A= 089s, + O38 On, aia O-59us > 
B= a5 Ps Pz + ns PoPr + x6 Paps + 90; Pa Ps t+ Fay ps Ps + Fas Pr Ps 
and C, C’, C”’, C’”, CG, CG, C)’ and C,/” are functions of p independent of /. 
In eq. (38) if there are the terms depending on # after subtraction of mass- and 
coupling-renormalization, we must impose conditions upon the weight factor G(4) in 


order to drop the /-dependent terms. From eq. (38) G(/) must satisfy the following 
conditions in the worst case : 


| G@a= L, \ #6 (2) di=\ "2G (2) da= Kare In dda 
0 0 0 vo 


=| #60) Inadi=| 26 (4) Inddi=o. (39) 
0 0 


In this way we obtain the finite part of MJ,o), that is R°'X,, which behaves like p* 
for large momenta p. As in Sec. 3 the effect of second-order self-energy part is given 
by substituting the following R’?¢-function for R°}-function : 
Ree (p) = Roa (p) + Rear (p) Resrarr (p) Rerre (p) +++ = Rox (p) {1 —Re(p) R(p)} 7788, 
(40) 
which is of the order of et for large momenta p. 


Next in order to obtain the propagator of boson corrected by the second-order self- 
energy part due to the gravitational field we define the propagator as follows : 


(T@A)$A))W=N* | 6G) SAV expl—E, wn) 1960, (4) 
where 
L=v’ g {8*R+4(—dld+0°¢%)}. (42) 
If we write the second-order self-energy of boson due to the gravitational field as 
dE=$* (p)M.(p)9(p), (43) 


M,(p) can be calculated as before. In this case the second-order derivative coupling 
appears in the power series expansion and the finite part of M,.(p) obtained after sub- 


Perturbational Calculations of Propagators of the Elementary Particles 485 


traction corresponding to the self-mass renormalization, that is 4,( p), behaves like p* for 


large momenta p, and the corrected propagator 


4, (p) =4x(p) {1—4.(p) de (p) } (44) 


is of the order of p~* for large momenta p. 


§ 5. S-matrix 


’ When we calculate an S-matrix we must of course use the Lagrangian including all 
powers of fy,,. But since each term of this Lagrangian is at most of the second 
order with respect to powers of differential operator we can investigate the convergence 
problem of all Feynman diagrams by making use of the following quantities : 

n : the number of vertices in a given Feynman diagram, 

n, : the number of vertices where the first-order derivative coupling appears between 
graviton and fermion for their internal lines, 

n, : the number of vertices where the second-order derivative coupling appears 


between graviton and boson for their internal lines, 


Ns the number of vertices where the second-order derivative coupling appears 
between graviton and graviton for their internal lines, 

F,: the number of internal fermion lines, 

F,: the number of internal graviton lines, 

F,: the number of internal boson lines, 

F : the number of energy-momentum integrals for internal lines. 


(The external lines are not taken into account in the following dicussion.) 
If we calculate an S-matrix with the above corrected propagators and if there is no 
derivative coupling between fermion and boson, the condition of convergence for the 


given Feynman diagram is 
—1> —3F,—4F,—4F,+n,+ 2n, + 2n; +4F. 
As F, is less than or equal to n we can write 
F,=n—a (a= 0) 
and F is given by the relation 
F=F,+F,+F,—n-+1, 
so that the above condition becomes as follows : 
3n+a—n,—2n,—2n,>5 (a=0). (45) 
Eq. (45) is satisfied except for the following cases : 
The cases of divergence: n<4, 
(i) n=4, n,+n,=4, a=0 (F,=4), 
(ii) n=3, ny +n,=3, a4=1 (4=0 cannot occur.), 


(iii) n=2, n)+n,=2. 
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(i) In this case the four internal fermion lines form the two closed loops and at all 


four vertices the second-order derivative couplings appear. But from the total Lagrangian 


density 
L=LgtLentLertLeep ’ 
where 
lg G pow Lep= = 1-09 gp F.—P Vy, 

Ler= —iW 9 (dv gy 0, (V g g*9,)0—K0), Lexrv=t9or g doe 
(J) is a coupling constant between fermion and boson. L,,, takes the other form 
according to the kind of boson.), there are no terms which contribute to this case, 
because those terms must be the products of fermion field and the second-order deriva- 
tives of graviton field or boson field while the 
latter appear only in L,, and L,, which have no a i ¥- 
fermion field. 
(ii) This case does not occur, too, because of a) 
the above reason. 
(iii) (a) The case a=0 or 1 does not occur, oe 
too, because of the above reason. (b) The case Be Sante 
a=2 corresponds to the graviton self-energy due M - 


to boson or to the graviton-graviton scattering 


containing boson closed loop or graviton internal (2) 
lines. 
Consequently we have, in the S-matrix, the Pee rae wi 
ad Coa ~ 
divergent cases which have the number of vertices 2 tain. lita octiia 


n=2 and correspond to (I) the graviton self- 
energy due to boson (Fig. 1 (1) is the simplest 


(3) 
case. This may, however, be dropped because of 
the gauge invariance.) and to (II) the graviton- ~~ boson line 
graviton scattering containing boson closed 1000 a graviton line 


(Fig. 1 (2) is the simplest case.) or graviton 
internal lines (Fig. 1 (3) are the simplest cases.) . Fig. 1. 


The author would like to express his sincere thanks to Drs. Kita and Kimura for 
valuable discussions. 
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- The purpose of this paper is to develop a calculation method: convenient for the treatment of 
polaron-like systems, that is, the systems of a quantized field and a non-relativistically moving particle 
which are interacting fairly strongly with each other. Firstly, generalizing the Chew-Low method, we 
construct a set of equations by which we can directly calculate the effect of the recoil of source-particle 
to the scattering amplitudes. A formula for the effective mass of particle is also given. Then, four 
problems are solved by our method, as examples. The former two are the scattering of neutral scalar 
meson and the effective mass of polaron. Though these were already solved, we reinvestigate them 
in order to explain and justify our approximation method. The latter two are the P-wave scattering 
of the charged scalar meson and of the pair-theory meson. Finally, we discuss the importance of the 


non-relativistic recoil. 


§ 1. Introduction 


The study of the tight interaction between quantized fields and a non-relativistically 
moving particle is currently receiving considerable interest. This interest has been spurred 
mainly by pion-nucleon problems and by polaron problems. 

The treatment of the unweakly interacting systems is very difficult when the pertur- 
bation method fails. In order to solve these problems, various calculation methods have 
been presented until now; for examples, Tomonaga’s intermediate coupling theory,” the 
Tamm-Dancoff method,” the Chew-Low method,” etc. Particularly the Chew-Low method 
is a very excellent one, because the symmetries in the original Hamiltonian are preserved 
to the last and only the renormalized quantities occur in the final results. But all these 
methods are powerful only in the static approximation in which the recoil of particle is 
neglected. 

In the polaron problem, the neglect of the recoil of particle is quite meaningless, 
because it is the kinetic energy of the particle itself to be sought. In the case of the 
pion physics, there are still some outstanding puzzles, for example, the strong isotopic 
dependence of the S-wave phase shifts in pion-nucleon scattering” —these also force us to 
doubt the applicability of the static approximation. But we have not yet any consistent 
methods which ate effective when neither perturbation method nor static approximation 
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is applicable. Therefore, we here develop a systematic calculation method convenient for 


these cases. 
In the pion physics, the recoil often means the nucleon pair formation. This kind 


of recoil can be partly taken into account by using the Foldy and Tani transformation” 
which eliminates the negative energy states of the nucleon. In this paper, however, we 
do not discuss such a pair formation but the simple translation of particle. 

In Sec. 2-A, we take up an arbitrary Hamiltonian, provided that it does not contain 
any velocity-dependent interaction term. It is assumed that the particle in the system 
may move non-relativistically but no particle-antiparticle pair is created. This Hamiltonian 
is then transformed into the representation in which the total momentum of the system 
is diagonal, by using the Jost-transformation.” In Sec. 2B, we apply the Chew-Low 
method” to this transformed Hamiltonian and construct a set of equations for the generalized 
scattering amplitudes. This generalization is necessary to calculate the effective mass of 
particle. In Sec. 2—C, the scattering amplitudes are splitted into two parts, the static 
part and the recoil part, and the equations for the recoil part are sought. It is shown 
there that these equations are obtained without referring to the details of the interaction, 
if the static parts of scattering amplitudes are closely known. (The static part is the 
part which is obtained in the static approximation, and we assume throughout this paper 
that this part is completely known.) The equations thus obtained can sometimes be 
solved easily in the one-meson approximation. For some examples, we shall illustrate 
these circumstances in the later section. In Sec. 2—D, some discussions on the effective 
mass of the particle are presented. 

In Sec. 3—A, we discuss the scattering of the neutral scalar mesons. In the static 
approximation, the neutral scalar mesons are not scattered at all. But, if we take account 
of the recoil of particle, the P-wave scattering occurs. The solution of this problem was 
already given by McVoy and Steinwedel.”) They used the canonical transformation which 
was studied by van Kampen” in relation with the light scattering. This method is very 
clever, but the physical meaning of the approximation is somewhat vague. We show, 
applying the method presented here, that the solution is very easily obtained and the 
meaning of the approximation is clarified. In Sec. 3—B, we calculate the effective mass 
of the polaron in the same approximation as in the case of the neutral scalar meson field. 
This problem was formerly solved by Lee, Low and Pines.” They applied the variation 
method to the Jost-transformed Hamiltonian. The results obtained here agree with their 
results. 

These two examples were discussed to justify the present approximation by comparing 
our results with the solutions by other methods. Next we discuss two other examples 
which have not been investigated yet. 

In Sec. 3—C, we discuss the scattering of the charged scalar mesons. The mesons 
of this type are scattered only from the S-wave state in the static approximation. But, 
if the nucleon recoil is taken into account, the P-wave scatterings also occur. We there 
study es P-wave scattering, applying the present method which is well justified by the 
preceding two examples. In this case, though we have no exact solutions even in the 
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static limit, a good solution in one-meson approximation is available which is known as 
the Lee-Serber solution.’ Using these approximate scattering amplitudes, we make the 
equations for recoil parts, but the equations are too complicated to be exactly solved. 
However, we can easily obtain the closely approximate solutions, because we may use of 
the fact that the effect of virtually propagating P-wave mesons is negligible compared with 
that of S-wave mesons. The fact is proved there by solving the simplified equations 
obtained by a modification of the inhomogeneous terms in original equations. In Sec. 
3—D, the P-wave scatttering of mesons in the pair-theory'? is discussed briefly. In this case, 
the circumstance is quite similar to the charged scalar case. The P-wave phase shift is 
calculated there in the same approximation as Sec. 3-C. 

Finally in Sec. 4, we summarize the main results of this paper and present some 
discussions on the importance of non-relativistic recoils, specially of considering them to 
the higher order of coupling constant. For example, the strange dependences on energy 
and coupling-constant of the recoil parts of phase shifts are discussed, which cannot be 
even imagined in the perturbation theory. 


§ 2. General theory 


A. Hamiltonian 


We first take as our Hamiltonian 


H=H,+H,(r) +H,. (1) 
Here H, and H, are the unperturbed Hamiltonians of a field and a particle respectively, 
that is, 
Hi) wcoudei de 
and 


H, =p*/2m ’ 


where w, is the energy of a field quantum with a momentum k, a,° and 4, are creation 
and annihilation operators for single quanta, respectively, p is the momentum of particle 
and m is its unrenormalized mass. H,(r) is the interaction Hamiltonian. We do not 
put on H, any limitations except that (i) it contains the position vector of particle r in 
the forms a,e"” and a, e~"” but (ii) not the momentum p at all. (The condition 
(ii) is not essential for the present work but we require this for simplicity.) 

It is, however, very difficult to work directly with such a Hamiltonian containing 
both p and r. In order to remove this difficulty, we eliminate r by making use of the 


Jost-transformation.”” Transforming (1) by a unitary operator 
U=exp (i2,k-ra,* 4), 


we obtain 


H,=UHU~! 
=H+H'+Hp, (2) 
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where 
H=H,+H,+H,, (3) 
Hy=2,E pay aq, Ex=oet+ (/2m), 
FL=H;0) 
H,= (1/2m) Spake Ke ayy ay ays 4 
and 


H,=p*/2m, H'=—;,(1/m) P-ka,* a,. (4) 


Instead of (1), we use (2)—(4) in the following sections. In (4), P is the resultant 
momentum of field and particle. It is unnecessary to move the center of mass, except 
for the calculation of the effective mass of particle. Thus, we use only H of (3) until 
Sec. 2—D. 

B. Generalized Chew-Low equations 

We next derive the generalized Chew-Low equations from the Hamiltonian of (3). 


The formal solutions of the Schrodinger equation, 


HY =F, 3, a (pi, ies Pr) > (5) 


are 
i fa + OD ; 
URS =N,.45, dp, te ap, tT .— a yi U, Fins (6) 


where (+) on ¥, is concerned with the boundary condition at infinity as usual, 7, 


denotes the single-particle state, N,, is a normalization constant, 
Ce NG [|H,+H,., dp, ap, °° a; | (7) 
and 


n 


Be= SB: (8) 


i=1 


We note that, strictly speaking, ¥,, does not denote the n-quantum state, since E,, 
is not equal to the energy of this state 


pty =, Opt (2; p.)* ‘2m*, 


where m* is the effective mass of particle. In the case of sufficiently low energies, how- 
> 
ever, we may regard it as denoting such a state. 
Using these state vectors, we define the generalized scattering amplitudes 
Ti(n, m= (POU PL) and S,(n, m) = (VOUS EO), (9) 


Particularly, 


T,(n, 0)=T;,(n) and S(n, 0) =S, (n) (10) 
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are reduced to the scattering amplitudes of Chew and Low in the limit m—> oo. 
The equations for T,(n, m) and S,(n, m) are easily obtained. Substituting (6) in 
(9), we have 


T, (2, m) = (Fy 9m FS?) + (FU, Nadpes dp, FS?) 
= YU, = U8) 11 
( H—E,—ie ) (11) 
where 
Wn =N,,[ ap, bi dy, 5 Us (12) 
Making use of the completeness of /‘ and the formula proved in Appendix 
N,N; 


+ ee = 1 
Nate, ep ee 


bye aie (13) 
Nest Him En scste 


where n+s=(p,, °° Pay 91°°°9s) if n=(p,,--:p,) and s=(q,---9,), we can write (11) 


as 


Tr (ny m) = (Fore BD) + DS, (9+ MMe 9, oa, 
zh Tr(s)*Tis m)  S(9)*S, (s, m) | (14) 
2 Ed Umit UN Pall Prati rs 
Quite similarly, 
—¥ ia INesIN 3 N) 
S,(n, m)= (ry WE Dib 21 T;(s) ymin 
=| PEE) *'S, (s, m) T, (s) fit (s, m) | 
= >| 2 at ee = : 1) 
=| SPN Teh - | a ol eed OPA a \ 
where 
Wg N,| ap, can Ap,» U;* |, (16) 
Eqs. (14) and (15). are the generalized Chew-Low equations used below. 
C. Recoil effects on the scattering amplitudes 
We first consider the equations 
7) te 0 ZV EOM 
s ae 77 s 7 Se n a Ne eI aL 74 
OAC AN DDS no ne a7) 
and 
. Ties) | ere) *S20 | 
8(n) = (4 at) =a Se he Bie La ES | (18) 
Son (n) (F oP nm Ps) . [ E,—E,,— i€ E,+E, 
where 


Wain Nn [4p, 2 apy 5 Ux), (19) 
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UW SNe, 4;,, oil ay, | (20) 


and #,,° is obtained from (19) by the replacement of U,, by U,,’- From these equations 
we can determine all of T*’s and S‘’s, once we give as the boundary condition the values 
of (F\7,;%,), T;'(0), etc., which are easily obtained directly from their definitions. 

Eqs. (17) and (18) are different from the ordinary Chew-Low equations in two 
respects: (i) Y, is the lowest-eigenvalue state of H,+H,+H, (not of H,+H,) and 
(ii) E,, is defined by (8) (not equal to +;«, used in the static approximation) . 

Owing to (i), the values of present T,'(0), etc., and those in the static approxi- 
mation may be different from each other by their proportional factors. From the first, 
however, these factors are undetermined, which are determined appropriately as the re- 
normalized coupling constants. Hence the difference (i) is trivial. The difference (ii) 
is also unimportant, since we may often solve these equations if we can solve the cor- 
responding ordinary Chew-Low equations and moreover the substitution of +;w; for E, 
causes no remarkable errors except for some special cases. (c.f. Sec. 3—-B). By these 
reasons we may regard (17) and (18) as the static Chew-Low equations of which the 
solutions are assumed to be completely known. 


Next we define the recoil parts, TZ (n) and Sz(n), by 
Tz (n) =T,,. (2) —T,A(n) and Sz(n) =S,,(n) —S3(n). (21) 


(Correspondingly T,;(n) and S,i(m) are hereafter called the static parts.) The equations 
for T,,(n) and S/(n) are easily obtained from (14), (15), (17), and (18): 


Tal) = @yrn.F) — >| 22 O ROLE O*T2O 
; a> Eg Ks 


+ SO" O 182020 J 


E,tE, 
je fhe es OPE & 
= pf TO*TEO , $20 °8 
Z E,—E,,—ie 5 E,+E,, | (22) 
and 
Sn) = (Ls Prin Fo) — +> O*SRO+TSO *S0O 
7 E,—E,,—ie 
4 Tn * SPO +TaO *52 0 | 
E,+E,, 
-S:[ EO"SO_, T3052 
gm ie ee E,+E, oe 
where 
Wim =N»,| ap, “** dp), Unis (24) 
Un=NmlH,, ag, ++ az] (25) 


and 7,”,, is obtained by the replacement of Us. by U,*. Using (22) and (23), we can 
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directly calculate the recoil effect to the scattering amplitude. 

These equations are, in a sense, only the réchauffé of Chew-Low’s, but very convenient 
from the practical view-point, since these do not depend explicitly on the character of the 
system or the structure of interaction Hamiltonian. (They enter the equations only 
through T* and S*, which are assumed to be completely known.) For example, we can 
write out (Y\w,/%,) only in terms of T and S without referring to the detail of H,: 


5 atebrslts roy § Said: 
CL Wor So) =(P lbp Bq kas a,+ P F ai a,,| v,) 
m m 
es RG a eae ale & 
m ( > HYE, Rte? * ) 


wet (Ey E.) (bgt Ey oo 


where we have used (6), (9) and a relation (7,2',kaja,¥,) =0. Similarly, 


pry) —P-4{_ SCP) _ EOS, 
(F, ec GA) a | pa ee 21 Fie) Facies }. (27) 


In Sec. 3 we really show that various problems can be easily calculated by using 


the equations obtained here. 


D. Effective mass 
Before going to the applications of the equations obtained in the preceding section, 


we here briefly develop a formula for the effective mass of particle. The effective mass 


of particle is obtained easily by calculating the energy shift caused by H’ of (4). The 
second-order energy shift is 
4E= = | GmlRie |? 4 (28) 
n£0 Ie, 
Here, 
POP) =D— EO P- kat a, P,) 
kom 
1 1 Nias T (1, 5) 
Sa eer eg tree 2) | sey, 
am Papen, MON be bt ie m 


Performing the summation over the virtual states, 


where we have made use of eq. (13). 
Combining this with the definition of 


we may reduce (29) to the form JE=P?*C. 
effective mass m*, we obtain 
1/2m* —1/2m=C. 
By using this formula, the effective mass of the nucleon interacting with the neutral 


scalar meson field and that of the polaron shall be actually calculated in Sec. 3-A and 


Sec. 3—B, respectively. 
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§ 3. Applications 


In this section, we apply our method to four simple examples. The first two are 
the scattering of a neutral scalar meson and the effective mass of a polaron. These were 
formerly solved by McVoy and Steinwedel” (using the canonical transformation method) 
and Lee, Low and Pines” (using the variation method) , respectively. We here reinvestigate 
these for the illustration and justification of our method. 

The latter two examples are the P-wave scatterings in the charged scalar meson theory 
and Wentzel’s meson pair theory." In the static approximation, only the S-wave scatter- 
ings occur for these cases. We here investigate the P-wave scattering due to recoils of 
particle. 

A. Scattering of a neutral scalar meson 

We here discuss the scattering of a neutral scalar meson by a nucleon. This problem 
was before discussed by McVoy and Steinwedel. They first applied the so-called dipole 
approximation presented by van Kampen to the interaction Hamiltonian, namely, expanded 


it with respect to r to the second order 


H,(r) ~ H, (0) + 31(—7) x + aH,” XX 
iN ; 7 r= iJ 


\ Ax, Ax, a at 


and then diagonalized this approximated Hamiltonian by making use of two successive 
unitary transformations. However, this approximation method is somewhat vague in its 
physical meaning. Here we show that the solution for this system is easily obtained 
from our equations by making use of ome-meson approximation, of which the physical 
meaning has been well established.’ 


The interaction Hamiltonian for the neutral scalar meson theory is 


H,(r) = a (a,c + ag er) | 


(31) 


where v(k) is the cut-off factor and w@=Vk+ 42 ( is the meson mass). The static 
Chew-Low equations for this interaction can be easily solved, since it follows directly from 
the definitions that 


Ty (0) =S,*(0) =V,. (32) 
The solutions are 


(We do not discuss here the multiplicity of solutions.™) Using these results in (26) 
and (27), we have 


Cae 


fp ys PLY, PP aes SEO" SH) 
Min Bp lsy m ix0 (E,+E,) (E,+E,) 


p 


(34) 
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and 


(P ,%,f, ,) =P'4 caer oe _P-4q 


mee a 


m0 (E,— Esse) (E, 4 ED. 
where the easily proved relations T,’ (0) =S,’ (0) =0 have been used. 

In order to calculate the main P-wave amplitude, the second term of (34) and the 
second and third terms of (35) are unnecessary. Strictly speaking, we must also take 
these terms, because T” and S” contain the S-wave parts due to nucleon-recoil. However, 
these terms are of higher order in 1/m and we may neglect them. (It is not the higher- 
order terms in 1/m but those in g?/m that we calculate below in (40), etc.) Dropping 
these terms, we obtain the equations for the P-wave scattering amplitude in the one-meson 


approximation as follows : 


Te (py — Pd LNs iy RE TZ 4 87 (b)* SR) | (36) 
m me oe ke Ep Ete E,+E, 
and 
S() = Pd Ye => 72 (A) * 57" (&) 7 OY 37 
fie wernt sre kinn eres cally te gee! OP) 
Setting 
: : -q ViV. 
Tz (p) =S; (p) =P-4 gto (38) 
pie PEE 
we can rewrite (36) and (37) as 
h(w,) =1— 2 gf {= —1«(k)*kw dw — sei sete (39) 
3m 4m 7 w w= Wy —1€ 


where the approximation E,~w, has been used. The solution of (39) is, as easily seen, 


h (wy) —— pe 3 2 = B 2 (40) 
g? , 
- U ? dw 


4x 3mmJ/) w Op — ws Lie 


and the P-wave phase shift 0, is 


git ipoutp)t mil th 


47 w, 3m ie gy 2 ob tdo 
4n 3mm) w Op —O 


The effective mass of nucleon is also easily calculated. Using (29), (10), (32), 


(33) and the approximate expression 


LAGS l) Ge Tyas l) gM 
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which is obtained from (14) in the lowest order approximation, we have 


P-q Ye ES V;, Ty (q) 
fine JE, OR “BE, EE, ve 


q 


ae eM Ps) = 


P-k V,. Tz (q) (42) 
> moO Eb he 7B) 


Substituting (38) in (42), we obtain 


(WOHY,) =— 4 “2142 |“ @* do +b) ) 
q 


m 4x 3mm/ w wg — a +1€ 
i nis! Mell: Right h(,) - (43) 
ma TE 


q 
Hence the perturbed energy JE can be written as 
de=— SS De ho) |? 
emis ale 
se 


Wo 


a | dem h(a) | (44) 


2 
7~™m 


where Im means the imaginary part. The integral is easily evaluated by making use of 


14) 


the contour integral used by Lehmann et al." with the result 


JE == 3 - 5 —1}. (45) 
Dn | ® de 
4z 3mmJ w 
Thus, we obtain the effective mass of nucleon, 
mm {1+ 2_| oh) *dal - (46) 
4x 3m%mJ w 
Rewriting the phase shift of (41) in terms of m*, we have 
7 ® wey? l 
4 wo 3m oi 2 “| & 2 dwP 
—= We | ——v (k)? sd 
4x 37zm* J w Wy — w 


which is just the result obtained by McVoy and Steinwedel.” 

As the result of these calculations, we now see that the dipole approximation is 
equivalent to the one-meson approximation. Namely, in making such an approximation, 
we have taken account of all the effects which may be interpreted as the successions of 
simple scatterings. For example, the diagrams like (a), (b), (c) in Fig. 1 are all 
calculated in (47), whereas, regarding the diagram like (d), only the part interpreted 
like (d,) is calculated but the part interpreted like (d,) is not. 
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(a) (b) ; (c) 


Ol . Ress 4, Be 


d NS NS Nes. ae Nee 
¥ (di) (d2) 


Fig. 1. Diagrams (a), (b) and (c) are regarded as the successions of simple 
scatterings, while diagram (d) is regarded as either the successions of simple 
scatterings or the combination of two-meson processes. 


B. Effective mass of a polaron 

As another example, we here calculate the effective mass of a polaron. Formerly, 
Lee, Low and Pines” calculated it by making use of the intermediate coupling approxima- 
tion of Tomonaga. However, since the approximation method contains a variation calcu- 
lation, we cannot interpret the meaning of approximation Feynman-graphically. So we 
recalculate it by using one-meson approximation and clarify the graphical meaning of the 
approximation. 

The Hamiltonian for the polaron problem is quite similar to that for the neutral 
scalar meson field.” Only differences consist in that w is the constant frequency of the 


longitudinal optical mode of the lattice vibrations and 


; a2 \1/4 2 1/2 
pases aes ) , Othe (=) ( baa 7 (48) 
2 n- € 


k \ mw 0) 


where n and ¢€ are the optical index of refraction and the static dielectric constant, re- 


spectively. 
The solutions of the Chew-Low equations for this case are easily obtained, with 
results 
T} (0) =V,, T,(n) =0 (n¥0), 
T,7 (0) =0, T7(p) =P-4 agit (ES (49) 
i Jhb. 
where 
uk 
h(E.) = — (50) 
ie gid pe EDI ah 


k 3mE,, E,—E,+ie 


(The approximation E,—~.w, has not been used in (49).) Substituting (49) in the 


ojrmulas in Sec. 2—D, we have 
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2k| V2 


| ee | 19 
4E=— h(E,) |? 
ome 3mE,? ( . 
es ee \ Im(b(E,)). (51) 


The integral may be evaluated in the similar manner as in the neutral scalar meson case 


and we obtain 


me=m(14+), (52) 


This result is identical with the value obtained by Lee, Low and Pines, and we see that 
the Tomonaga approximation is quite equivalent to the one-meson approximation for this case. 

C. P-wave scattering of a charged scalar meson 

By the above two examples, the validity of our simple approximation method has 
been well confirmed. Now we proceed to the study of two new problems. The first of 
them is the P-wave scattering of charged scalar meson. 

The interaction Hamiltonian for this case is taken to be 


H, (r) = ae (Vid, oer Vi a; qt) , 
enigma (53) 


where T, is the kth component of nucleon isotopic spin operator. (For simplicity, we 
describe the momentum and isotopic spin of meson by a single symbol &.) 

In this case, we cannot solve the Chew-Low equations even in the static approxima- 
tion. But the solution in the one-meson approximation” serves our purpose, if the 
coupling constant is not so large. Accordingly, 


gO) =V, 
T/ (p) =— (47u(p) vq) /V 40,0, >i (w,) Ie(p, 9) (54) 
IY CPi Pe) =U, ete, 


shall be used below as the static scattering amplitudes. In (54), 


I, (p; q) =09— 


cot al 1 
ot ate and I, (p, ) begeroey 


q? 


are the projection operators which extract the positive and negative meson scattering by 
a proton, respectively, and 


haw) = A Ee aoe | der kv (&)* 1 He 
i€ 


w = 2 
Pp OR Wx Op 


“a 


te 
Ay 


= : 
Wp— Ay (U+ ip) 


(in the limit v(k) > 1), (55) 
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where Ap=(—)* A= (—)*2(y"/42). 
Substituting (54) and (55) in (26), we easily obtain 
(56) 


y) =P: 4 ar. v(p)u@ (q) 2 DEG iene, o:), 


Cay ae 
a ‘AWp Wy [E 
A x A E€ 1 cm 
Bol 6, = Og +— ‘| | if Son ae 
r q eer a ee |€(EE,) cosh~' &€ 
ye —i =e, 3 yee. =a 
—— —— ——coshimca z ons 57 
ee=s) ch eye sey oo 
C= w,/U, €,-=2A A (1+) any we have neglected the terms not 


where €=w,/[4, = 
contributing to P-wave scattering. Similarly, (7,7) is obtained by replacing W,(w,, 


@,) in (56) by 
CG; “ala) 


» 


0 — = 
iw 2e (E+E) (E48) 


IQ 
é s cosh7! et 


Ase 1 Koa luar y 
ss aa | ) , 2 V 
ax | é+é! hens aa tee! (+6,) 
As vie Sahsh| 
= Ae 58 
2 Ee" Ge ~(E—€,y) Guy | (38) 
Then, setting 
eee er a ee COR peed RC) 
5; ( Pp) m V BO, Wy WpW, % Ors (w,) 
and substituting all of these in (22) and (23), we have the equations for the recoil 
parts in the one-meson approximation 
Rv (k)? [ |felo) |? Ios (o) a 
O+, 


fu (Wy) See V7 Ags. Wq) —-— | 3 

37m . wo L O= 0, — tE 

a | fa’ (w) Palo) 1 fa? Co) 9p (@) -} 
wo O—Wp—1€ ote, 


GA 8 i, 4) | 
37m 
(60) 


where S=1—a 


These equations, however, cannot be solved because of the complicatedness of W 
Thereupon we first attempt to solve the approximate equations, assuming 


and W .. 
A a A 
D W (Wp, Wo) X —. 61 
(Op, 0% ee, (61) 


W ~(Wy, W,) = — 0 
p? 7 = a0? 
, &é’ 


This approximation holds good numerically except for the case of the very large values 


of € & and A. 
Making such a simplification, we can easily solve the equations, and the solutions 


are 
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AFD 
filo) =e (/4) Sy 


2 (4/4) 4 
Fi (or) 1— An— (47/4) <7 7 
(1/2) 
q, (w,) = aan ‘ 
Jo (o,) aoe U2/4) zy 
Pye een TS (62) 
1—An— (P/4) <7 
where 
£ ° 3,.(L)?2 
Oe : \do 28) : ; —. (63) 
7 3mm oO Ont Wp—t€ 
Numerically examining these solutions, we see that the a" . 
second terms of (60) is much smaller than the neglected term P 
in (61) for the cut-off of the order of nucleon mass. Hence, 4 : f 
we can see that, in order to obtain the closely approximate 
values of T”(p), we may rather neglect the second terms of s s 
(60) but should use the full expression (57) for Wy. (a) 
Physically, this means that the effects of the virtually propagat- 
ing P-wave mesons (c.f. Fig. 2—a) are small but those of 4 
P 


virtually propagating S-wave mesons (c.f. Fig. 2b) are so im- 


portant that we must fully take account of them. ay 
Thus, we finally have 
ey 


3m ax | (é—&) ff e—1 ) 
éy O—1. ciathatey Bite 5 4 VIA 6 Fe Bat 4 Fig. 2. The effect of (a) 
(€—€,)? ema, 20,| Go lo—- ay =f is much smaller than 
that of (6). (In the 
(64) figure, the coil-like lines 
as the P-wave phase shifts due to the nucleon recoil, where aoe hes ppc rt 
the relation . 
f.(w,) =— st sind f eda? ~ — _ Og (65) 


has been used. 


The discussion on the results will be made in the last section, together with the 
results of the next subsection, 


D. P-wave scattering in meson pair theory 


Another problem we must discuss is the P-wave scattering in the meson pair theory 
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of Wentzel."” In this theory, the interaction Hamiltonian is 


4m 


H, (r) = se hss a (4, eker +at ene) | (66) 


——— : 
where V,=v(k) /\/ 2a, and 4, is the unrenormalized coupling constant. For this case, 
we can easily solve the static Chew-Low equation, with the results 


we 


Ly Cp) = VixVi, bs ap) 


1 
“Naeaamanes : (67) 
i= 28 | de ko v (k) ?-—__—___ 
pr Wp —o +1€ 


(AIl other amplitudes vanish.) In terms of the ‘renormalized’ coupling constant 


A= A E =e 24, | do fn) 483 


pT ro) 


we may write (67) as 


4h 


h(w,) >1/[1+4+i2(p/p)] (in the limit v(&) > 1). (68) 


Substituting this in (26), we have 


(F, v0 ,) =P hela Al 2 5 Mace tcosh é 
m we € E+E? 
es Vs (ie — , a (E4+8) E241 
eo es cosh + 9) (222 &*) (E78?) 
E€/—E,? ae e+ snh-*6,], (69) 
T GSA CERL EP: 08, ; 


where €=E£,/u,. 6 =E,/f, E&=V1+24// and we have neglected the terms which do 


not contribute to P-wave scatterings. 
If the same approximation as the charged scalar case holds good, we may regard 


this as Tj (p) itself. Thus, remembering 


67 
ee a sind, Op , 
AO Bats t 


we have the P-wave phase shift due to nucleon recoil, 


26 yf 1 yas 
peg ve e=7'|. (e +? 2) 2 cos 


&€ 1 1 
— —.- cosh7'& : - 
VE—1 (e+ 6) eae? 
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—— ae a . —T1 
EY T+Ee. (Eso) V A+Ee sinh fi (70) 
(ERED? (C+6)" & 


$4. Summary and Discussions 


Here we briefly summarize the main results. In Sec. 2, bearing in mind the tightly 
interacting systems of a quantized field and a non-relativistically moving particle, we 
developed a general method which is very convenient for obtaining the recoil correction 
to scattering amplitudes and the effective mass of particle. The results are as follows : 
First, making use of (17) and (18), we calculate the Chew-Low amplitudes for the 
system in question in the static approximation. Then, substituting them in (26) and 
(27), we calculate (¥,»,,%,) and (F,w,,0,). Using these in (22) and (23), we 
make the equations for T,;(m) and S,7(m), of which the solutions are just the recoil 
parts of scattering amplitudes we are seeking. Also the effective mass of the particle is 
evaluated by making use of (28) and (29), in which T,(n, s) is obtained by solving 
(14) and (15). 

In Sec. 3, we applied this method to four problems. Because we laid stress upon 
the methodological points, the examples were necessarily confined to the simplest ones. 
But, even from these examples, we can deduce many interesting conclusions. From the 
first two examples, we find that the dipole approximation for the scattering of neutral 
scalar mesons and the Tomonaga approximation for the polaron problem are equivalent to 
the one-meson approximation. 

From the calculation of the P-wave scattering of charged scalar meson, we may 
perceive the following interesting facts: (i) In the lowest-order perturbation theory, there 
occurs the P-wave scattering in the case of <*+p->%* +p for which, Feynman-graphically 
speaking, the meson lines cross (Fig. 3—a), while it does mot in the case of Z--+p 
—>7~ +p for which the meson lines do not cross (Fig. 3—b). However, in the present 
results, the P-wave scattering occurs even in the case of the negative meson scattering. 
It is because, in our method, the higher-order processes, like Fig. 3-c for example, are 
also taken into account. (ii) Moreover, when the meson energy is high to some degree, 
both P-wave phase shifts for the 7* and <> scatterings are of the same order and their 
energy dependences are of the form (In€)/€. (Because the present method is non- 
relativistic, the result of (64) cannot be used in very high energy cases. But, note that 
the term proportional to (€’—1)? cosh~'&/& (€—&,)* contributes mainly even for @ ™~ 7 
except for the case of very small coupling constant.) (iii) The effect due to the virtual 
P-wave mesons is much smaller than that of virtual S-wave mesons. 

In the case of pair meson theory, we can perceive the circumstances similar to the 
charged scalar case as to the contribution of virtual P-wave mesons, the energy dependence 
of P-wave phase shift, etc. But it is the most interesting that the phase shift depends 
on the coupling constant in the form #In/ rather than 72 when J is very small. All 
these facts cannot be understood from the standpoint of perturbation theory. 


Of course, in order to insist the correctness of these strange results strongly, we 
? 
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must more closely examine the validity of our approximations. 
Indeed, the two meson effects are not necessarily small for 
15) 


some cases. It is possible that the strangeness of the results 


are due to the one-meson approximation itself. However, we 
do not go into this problem, because the one-meson approxi- 
mation holds good for many cases. 

Thus we have been able to realize the importance of the 
non-relativistic recoil effects, specially of taking account of 
them to the higher order of coupling constant. 

Though no realistic problems have been discussed here, 
it is possible that this effect is similarly important for those 
cases. Particularly, they may contribute largely to the pheno- 
mena for which the nucleon recoil plays an essential role even 
in the perturbation theory, for example, to the anomalous 
magnetic moment of nucleon, to the Compton scattering by 
nucleon, etc. Close investigations on these problems are 
strongly desired. 

The authors wish to express their sincere thanks to 


Professor H. Fukuda. 


Appendix 


Here we prove the formula (13) briefly. Using eq. (6), 


we have 


Ny, dg, 2 age? f= Nuapers: az, |Neai, vee 


(A-1) 
Remembering 


Nai, %- ‘af Sieh Sere NGS ee ap as 
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1 EU 1 


ar, s HE, -+ie ‘ 


H—E,,,,+ie 
we may write (A-1) as 


1 
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nt nt 
P N P 

(a) 
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(b) 

™ nm 

rt 


(c) 
Fig. 3. For the case of 
charged scalar theory, the 
lowest-order P-wave scatter- 
ing of positive mesons 
(diagram (a)) occurs, but 
that of negative ones (dia- 
gram (b)) does not. How- 
ever, in the present method, 
the negative P-wave meson 
scattering also occurs, be- 
cause the diagrams like 
(c) are taken into account. 
(In the figure, P and N 
denote a proton and a 


neutron, respectively.) 
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Now, substituting the relation 


N,N. ry 
AGS TWN, d;, 


N, 


N+S 


“6 dy, U,=N,U,.4;, “2 dg 


1 


in the second term of (A-2), we obtain 


N,N 1 — 
Fre SG + pi-) — ne pe) 4 PE N,44 *** dg ¥ 
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In order to investigate effects of a tensor force and to examine necessity of introducing a spin- 
orbit force at high energies, nucleon-nucleon scattering at 150 Mev is analysed. The analysis is made 
taking into account some characteristic features of the pion-theoretical nuclear forces. It is shown that 
the experimental data around 150 Mev can be well explained by two main features of nuclear forces ; 
(i) a strong tensor force in the outer part of the interaction and (ji) a hard-core-like repulsive interac- 
tion in the inner part. It should be emphasized that the former feature, which is the most characteristic 
one of the pion-theoretical nuclear forces, is decisively important at such high energies 2s well as at 
low energies. We find no positive evidences for such spir-orbit forces as play an important role 
around 150 Mev. This conclusion is in conflict with the prediction of very strong spin-orbit forces 
recently made by Signell and Marshak and by Gammel and Thaler. This point is discussed quite 
in detail. Especially, it is shown that Signell and Marshak’s spin-orbit coupling potential comes from 


their undue reliance on the inner part of Gartenhaus’ potential. 


§ 1. Introduction 


As is well known, the static pion theory has made remarkable success for the low 
energy two-nucleon system.** In addition, proton-proton scattering at 90 Mev was 
analysed by Otsuki? and neutron-proton scattering at the same energy by Watari,” from 
the pion-theoretical point of view. They used the pion-theoretical potential in the outer 
region and treated the nuclear interaction in the inner region phenomenologically. Their 
results showed that the nucleon-nucleon scattering data at about 90 Mev can be completely 
reproduced by the static pion-theoretical potential established at the low energy regions. 
Especially, it has been made clear that the very strong tensor force due to the one-pion- 
exchange process, which is the most characteristic feature of the pion-theoretical potential 
in the outer region, is of decisive importance. 

The success of these attempts is one of the two motivations of the present work. 
Although the successful method of approach which we have hitherto adopted from the 
standpoint of the pion theory is no longer valid above about 100 Mev for many reasons 
as stated in ref. 1) and § 2, it is expected that some characteristic features of the low 


energy pion theory play also an important role even above 100 Mev. In particular, 


* Some preliminary report of this work has already been published in this journal.””) 
** A full report on the verification of the low energy pion theory of nuclear forces has been published 
in Supplement of this journal (No. 3, 1956).1? Notations and terminologies used in this paper are the same 


with those in it. 
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consequences of the strong tensor force as predicted by the low energy pion theory are 
to be investigated. 

The other motivation of the present work is the introduction of very strong spin- 
orbit coupling potentials recently made by Signell and Marshak® and by Gammel and 
Thaler.” According to their analyses, a strong spin-orbit coupling potential seems to be 
favorable in explaining high energy data. However, their spin-orbit coupling potentials 
have no theoretically sound basis. Moreover, they are unreasonably strong in the outer 
region compared with many pion-theoretical results derived by various methods.”*”? 

In the present paper, a phenomenological analysis at 150 Mev is made in close 
contact with the characteristic features of the pion-theoretical nuclear forces. It is 
investigated whether a strong tensor force in the outer part of the interaction plays an 
essential role as at the lower energies and what natures are neccesary in the inner part 
for the explanation of the experimental data. The reasons why we should choose this 
energy are as follows: (i) We have plenty of useful experimental data. (ii) The P- 
wave impact parameter 5, is 0.7(b/pc). So that, above 150 Mev the inner part of the 


nuclear interaction generally becomes more and more important to the P-wave phase shifts 


than the outer part does. (iii) It is interesting to compare our results with Signell and 
Marshak’s because their spin-orbit coupling potential was introduced mainly by their 
analysis around 150 Mev. 


Our results show that the high energy scattering data around 150 Mev can be ex- 
plained if the nuclear interaction has the following two features; a strong tensor force 
in the outer region which has the same exchange character as the pion theoretical potential 
and a hard-core-like repulsive interaction in the inner region. We can find no evidences 
for any strong spin-orbit coupling forces as introduced by Signell and Marshak and by 
Gammel and Thaler. It will be discussed in § 6 that the former spin-orbit term was 


introduced only to eliminate undesirable effects due to the inner part of Gartenhaus’ 


potential on which their analysis was based. If the hard-core cut-off procedure is adopted 
instead of their zero cut-off, such an unreasonably strong and long range spin-orbit 
potential is not neccesary. On the other hand, Gammel and Thaler’s potential is one 


of the possible ways to explain the scattering data at about 150 Mev However, their 
7 > 


strong spin-orbit potential is hardly accepted, since it destroys the characteristic features 
of the pion theory even at low energies. 


In § 2, the method of approach employed in the present paper will be discussed. 
and qualitative features of the scattering parameters (phase shifts and mixing pooat 


which are taken into consideration throughout this work, will be explained. In ter 
5 ms 


of these scattering parameters, we shall analyse in detail proton-proton scattering in § 3 


and then neutron-proton scattering in § 4. In §5, we shall summarize the properties of 


the nuclear interaction indicated by the characteristic features of the scattering parameters 


determined in § 3 and 4. Our conclusion on the spin-orbit coupling potential will be 


compared with those of Signell and Marshak and Gammel and Thaler in § 6 and the 


formers are criticized in detail. § 7 will be devoted to conclusions 
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§ 2. Preliminary discussions 


A. Method of approach 

As stated in ref. 1), applicability of the successful method of analysis which we 
have hitherto adopted from the standpoint of the pion theory is considered to be limited 
to rather lower energies (E,,,< 100 Mev). The reasons are as follows: When the 
energy of the two-nucleon system becomes higher than about 100 Mev, the P-wave phase 
shifts, which are the most important quantities in determining both polarized and unpolariz- 
ed cross sections, become to be more and more seriously affected by the inner part* of 
the interaction. However, the present day quantum theory cannot give any reliable 
predictions on the inner interaction, Furthermore, even for the outer part,* dynamical 
relativistic corrections to the one- and two-pion-exchange potentials may be appreciable 
and modify them in a considerable extent. Also, the kinematical relativistic effects for 
the treatment of the two-nucleon system become not negligible. Due to such various 
factors, most of which are unknown, the method of approach above 100 Mev should be 
far more phenomenological than that at lower energies. 

Therefore, a direct application of the static pion-theoretical potential to the high 
energy scatterings” is not appropriate. In such an approach, it is difficult to discriminate 
the effects due to the characteristic features of the low energy pion theory which still 
remain unchanged, from the effects newly revealed at high energies but almost hidden at 
low energies. On the other hand, a purely phenomenological method such as the so- 
called phase shift analysis” gives no valuable information, because due consideration is not 
given to the characteristic features of the pion-theoretical nuclear forces. 

The method of analysis employed in the present paper is phenomenological and may 
be regarded as a kind of phase shift analysis. However, contrary to the usual phase 
shift analysis it is based on the assumption that a tensor potential is strongest of all 
nuclear forces, corresponding to the most characteristic feature of the pion-theoretical 
nuclear forces. This tensor potential has the same exchange character with the one-pion- 


exchange potential 2 


9 


VG) = Je. pe2(t,-2,) | (6,8) +o 1+—-+— )}—. 2-2) 
x 


47 \ x x x 


“tensor-dominant type’? phase 


First of all, we investigate whether some sets of such 
shifts can explain the qualitative aspects of the data at 150 Mev. If we cannot find 
such a set, it means that new features of nuclear forces, that are hidden in the low 
energy phenomena, become important as the energy goes high. Concerning the inner 
part of the interaction, a hard-core-like repulsive interaction is expected as the most 
characteristic feature. In the present paper, however, we do not assime its existence a priori. 


Rather, we shall try to find positive evidences for its existence by comparison with the data. 


* As used in ref. 1), the outer part means the region x 20.7 and the inner part the region x < 0.7, 
where x is the inter-nucleon distance in unit of the pion compton wave length b/p~c=1,415 X10 —" cm. 
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B. Qualitative features of scattering parameters 
By the impact parameter consideration,” we can divide the scattering parameters into 


three groups by discriminating what part of the interaction mainly determine their 
qualitative features; (i) the scattering parameters of the higher waves with L>2* which 
are mainly affected by the outer part of the interaction, (ii) the P-wave scattering para- 
meters, whose characteristic features are determined by the outer part but considerably 
affected by the inner part, and (iii) the S-wave scattering parameters which depend 
seriously on the inner part and should be treated in a purely phenomenological way. 
Based on these general criterions, we summarize the qualitative features of scattering para- 
meters. 

(1) Uncoupled higher waves (L=>2): The impact parameters of the F-and D-wave 
ate 1.7 and 1.3, respectively. Therefore, we fix the phase shifts of these waves in the 
pion-theoretical values (g7/4%=0.08). Their values are given in Table 1. For scatter- 
ing parameters of coupled higher waves a somewhat phenomenological treatment is employed 
as will be discussed in (3) and (5). Also, it is to be noted that the *D,-phase shifts, 
which are large due to the strong tensor force of the one-pion-exchange potential, have 
some ambiguity owing to the uncertainty of the central part of the two-pion-exchange 
potential in the triplet even state. So, we take the values, 0,,=0.45+0.10. The 
scattering parameters with J > 4 are safely neglected at 150 Mev. 

(2) *P,-state (J=0, 1, 2): We assume the *P,-phase shifts of the tensor dominant 
type. Since the tensor potential is positive in the triplet odd state, we have 


d,'S 0, 6£< 0, 16 f>0. (2-2) 


Furthermore, if we divide 0 into two parts as 
06 SOR + 4", | 
*—_ sa 8 
B= O44, (2:3) 


\ 
, ? 
0.* =03 + 4°, 


we have 
OF ¢ HO: PEO —~ 4: —2:r(O<r< bt). (2-4) 


Here 0 means the contribution from the one-pion-exchange potential. (2-4) corresponds 
to the tensor dominant property of this potential. J contains all the other contributions. 
Of these the most important is the contribution from the two-pion-exchange central 
potential, whose attractive property has been confirmed by the low energy analysis,” and 
is effectively approximated by a square well potential with the depth 50 Mev ee the 
range 1. The tensor part of the two-pion-exchange potential is very small. Also as will 


be discussed in § 6, the contribution to J with the spin-orbit coupling type should be 
considered small. Thus, we can approximate 


* ‘ 
We denote the orbital angular momentum and the total angular momentum by L and J respectively 
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4," a 4," = 4,2 == de. 


In the Born approximation, we get 0}°~0.5. d}~—0.3, and 4,~0.2.  How- 
ever, if we assume a hard-core-like repulsive interaction, J, is more or less reduced. For 
x,.~0.4, 4, is reduced to zero, where x, is the radius of the infinite repulsive core. 

From the above discussions, we can summarize the conditions for the *P,-state as 
follows : 

6$~0.5+4,, 03'~—0.34+4., 
f (2-5) 
OES 0 S9UO SAS 012! 

(3) Mixing ratio e;*: In the cases where tensor forces are very strong, €, is an 
important quantity for which careful treatment is required. Both unpolarized and polarized 
cross sections are sensitive to €, at high energies, as is seen from Otsuki? and Watari’s” 
results at 90 Mev. €, is considerably affected not only by the outer part of the interac- 
tion but also by the inner part, so we treat them phenomenologically, as will be men- 
tioned in (4), (5), and (8). 

(4) °P,+°F,-state: The one-pion-exchange potential gives €,<0 and 0 >030 > — 
03, in the Born approximation. Thus, in the existence of the strong tensor force with 


the positive sign, it is expected that 


€52 OF OSE OSS 0 manda 00) > — 0.1. (2-6) 


Dy 


(5) °D,+°G,-state: The scattering parameters 0,”, 0,’ and e, are delicate quantities 
because of possible cancellations of terms contributing to them, although they are mainly 
determined by the outer part of the interaction. Therefore, we set no other conditions 


than 
Oo), (on = 0.1 and |e,| <7 /Aa (207) 


(6) '‘P,-state: In this state the one-pion-exchange potential gives the most dominant 
effect due to its large kinematical factor (0,-6,) (T,:T)) =9. The contribution to the 
‘P.-phase shift '0, from the outer part of this potential is about —0.2. A hard-core- 
like repulsive interaction gives the contributions of the same order of magnitude. So, 
we set the condition for ‘0, as 


19, =—0.2~—0.4. (2-8) 


(7) ‘'§,-state: 10, should be treated phenomenologically and is determined from 
the experimental value of the effective total cross section of p—p scattering o%), ~.27 (do 
(90°) /d2),,, when the higher wave (L>1) contributions are given. If we take into 
account the uncertainty of the higher wave contributions, the following condition is 
adopted in connection with the 90 Mev value” : 


0<10,<0.4. (2-9) 


* The definition of €7 used in the present paper is the same as €,7% in ref. 1) and €;7 in Blatt- 


Bizdenharn’s notations.!” 
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(8) °S,+%D,-state: This state should be treated phenomenologically. Conditions 
for the scattering parameters 0,%, 0,* and e€, are as follows : 

(i) Values of these quantities at 150 Mev should be continued to those at the 
lower energies (0,°~0.7, 0;'~—0.3 and €,~0O at 90 Mev). 9,7 and @,* should be 
smaller than those at 90 Mev. 

(ii) Subtracting the other wave contributions from the experimental value of the 


u—p total cross section, o,,—50mb, we obtain sin? 0,>+sin?0,7< 0.4. Therefore we 
can set the restrictions as follows ; 
y y j a= 
0<0,*<-—d0750.4 and |e,|)<7/4. (2-10) 


At the end of this section, we summarize the values of the scattering parameters or 


the conditions for them discussed above, in Table 1. 


Table 1. Qualitative features of the scattering parameters at 150 Mev (in unit of radian). 
Notations of the phase shifts and the mixing ratios are the same as these used in ref. 1). 


. Se 1 (triplet) 0 (singlet) 
OT 
GN 0 | 1 1 ) ty) 
0 3P, 69’ ~0.5+ A, 1 0< 185 <0.4 
| = = _ . = - 2 - a — - 
1 35, +43D, 0.4> —8,7>6,=>0| SP, d°—~—03+4, 1p, iz, =—02 
1€,|<2/4 | 0<4,<0.2 Hoos 
| 0.15>d92'DS0* oe 3 
2 RQ 2 2 } 
2 8D» d2°=0.35~0.55 | 8Px+3F. | O>d:7>—0.1 1D, 1900.8 
| O><€. 
a | — i 
3 *D3+5Gs (831, |85"| $0.1 | 5F5 63° —0.02 IF, | 19.~—0.075 
|€3|<7/4 | 8 <= — 0.0) 


§ 3. Proton-proton scattering 


In this section, we shall analyse in detail the pP—p scattering data on the basis of 
the qualitative features of the scattering parameters shown in Table 1. Firstly the polarized 
cross section is analysed, because only the triplet odd state contributes to this phenomenon. 
The discussions are confined in the part of the nuclear Scattering, i.e. in the region 
@ = 30°, where @ is the scattering angle in the center of mass system. 

A. Proton-proton polarized cross section 

Analysis of the polarized cross section is facilitated by the fact that ¢€,-dependence 


of main terms is factorized in a common function f(€s) which is defined in Appendix 
and plotted in Fig. 8. - 


The p—p polarized cross section is given by 


P(A) (do /d2) », = (4 sin0/k*) {a\” P, (cos) +S P,(cos)}, (3-1) 
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where af? and a$” are given in Appendix and have the form, f(€s) X (phase shift part). 


The affix (1) means the total isotopic spin T of the two-nucleon system. 


From the available experimental results at about 150 Mev,'” a and a at 150 Mev 


are restricted as follows: 


as? =0.090(140.10) and 


For the *P,- 
A”, A’, BY and B’™ of the tensor dominant type shown 
in Table 2. The set A” is the most typical one of the 
tensor dominant type obtained by setting 0) =0.50, do} 
=—0.30 and J,=0 in Table 1. The set A’” is the one 
obtained by changing 4, from 0 to 0.20 in A. The set 


A’ (the large value of 0,* and 0,\*~0) corresponds to the 


and *P,-states, we assume four typical sets 


circumstance that the effects of the attractive central potential 
(mainly due to the two-pion-exchange process) remain ap- 
preciable without being masked by some repulsive interac- 
tions in the inner region. The set B” is also one of the 
tensor dominant type obtained by setting 03 =0.40, of 
=—0.25 and 4,=0. The set B’” is the one obtained by 
changing 4, from 0 to 0.2 in B™. The sets B” and B’ 
reflect the existence of a somewhat weaker tensor force in 
the outer part than in the cases of A and A’. 

In each set, the scattering parameters of the *P,+°F,- 


state (0,%, 0," and €,) are determined so as to be consistent 


Table 2. 


aS? =0.014(1+0.2). 


(mb/ster) 


Figs ke 


section at 


(3-2) 


30° » 60 


P—p polarized cross 
150 Mev. The 


shaded area represents the 


available experimental 
given by (3-2). 


data 
The solid 


line is the calculated curve 
by use of (3-4) in the set 
A) shown in Table 2. 


data of the p—p polarized cross section at 150 Mev (in unit of radian). 


Allowable regions of the *P.+*F»-scattering parameters determined by the experimental 


| | “conditions given by (2-6) and 
‘foi a ln A Opp 225 mb allowable regions of 
x : | | ae | SS Se, | (02%, 2", €) 
set. VX. | 62% V sin? bo% + sin? da? 
(0.10, —0.10, 0.00) 
AWD 0.50 —0.30 | 0.38 0—0.15 0.10~0.20 l 
| (0.15, —0.06, —0.35) 
AW 0.70 | —0.08 | 0.54 0.20 ~0.35 0.15 ~0.22 (0.21, —0.08, —0.45) 
' | a £ =, i 
Bo 0.40 | —0.25 | 0.24 0~0.13 0.20~0.27 (No) 
(0.20, —0.07, —0.26) 
7 (1) 0.60 =0:05 | 0.32 0.20 ~0.33 0.21~0.27 } 
: | (0.27, —0.04, —0.35) 
Ce a ee SS Sa EE Se a a a i 


* Conditions imposed for 62% and €; are common for all sets, i.e. —O0.1<d9™<0 and <0. 
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bh 


. . DI) > 
with the experimental data. Regarding (3-2) as the equations for 03°, 0, and €,, we 
. . . » > fs 
expand the phase shift parts of af” and a° in power series of 0,* and 0,° up to the 
second order, because 0,% and 0," are small. Then main terms in the equations become 


as follows ; 


0°06," = — (a? /af”) (A/s) =—0.030 (140.3), 
2 < (3-3) 
0,0—0,° = 2aY)/31f (€,) =0.060 (10.1) (1/4f (e.)),! 


PNB 


where 1==sin?0,' + (3/2) sin?d,°+ (7/4) sin?d,’ and the value of 4 for each set is given 
in Table 2. 

The conditions to determine the allowable regions of 7,°, 0,7 and €, are as follows ; 

Gi) Oss O50 = 00, 2° —0.1, 10> 4, - Table 4). 

(aij eqs. (3 *3)3 

(iii) The experimental value of) ~ 25 mb” and the restriction 0<‘0,< 0.4 (see eq. 
(2-94 

The allowable regions of 0%, 0,° and €, are shown in Fig. 2. 


0.087 (f(€2) max) 


Fig. 2. Allowable regions of the *P)+5F.-scattering parameters determined by the p—p polarization 
data and the p—p effective total cross section. (4), (A’), (B) and (B’) correspond to the sets 
AM, A’, BO) and Bid) respectively. The hyperbolas and the straight lines are given by eqs. (3- 
3). The values attached to the straight lines are those of €). The circles are determined b Pe 25 
mb, for the two extreme cases of the 1So-phase shift, i.e. 10)=0.4 and 0. fsa 
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For the set A, the allowable region is rather large. 
that 


The best values are nearly 


N 


0720.13, 0,°=—0.08 * and 6, — 0.26: (3-4) 


The curve in Fig. 1 is the p—p polarized cross section calculated by (3-4). 

For the set B’, under the condition (i), no allowable region can be found because 
of small 4. This fact means that, unless some interactions to make 0,° large are 
present as in B’’, the p—p polarization data cannot be reproduced by a potential with 
a weaker tensor force in the outer part than that of the one-pion-exchange potential with 
Je /47=0.08. Hereafter, we discard the set B”. 

B. Proton-proton unpolarized cross section 

The p—p unpolarized cross section is analysed within the allowable regions of the 
triplet odd state scattering parameters determined by analysing the p—p polarized cross 
section. 


The p—p unpolarized cross section is expressed in the form, 
(do (8) /d2) pp=(1/R) SS) bP, (cos). 


The striking feature of the experimental cross section is the isotropic angular distribution. 
That is, bS°~b9?~0 and b§? ~ 0.73 which is directly reduced from the effective total 
cross section, o%—=27 (do (90°) /d2) ,, = 25 mb. 


We calculate b{°(n=0, 2, 4) for the sets A”, A’ and B’ given in Table 2. 
The results 


(3-5) 


The ’S,-phase shift ‘0, is chosen to reproduce the experimental value of 6§”. 


are shown in Table 3 and Fig. 3. 


From Table 3 and Fig. 3, we find the strong ¢,-dependence of (do/d2). This 
comes mostly from the e¢,-factors of the following terms in 69” ; 
4[cos égtV 3/2 sin €,}°(2a|07) + 4| —sin eat 3/2 cos €,|° (2707) 
+9[cos e,-—1/ 2/3 sin €,?(2a|1) +9[sin es +1/ 2/3 cos €,]’ (271A), (3-6) 


Table 3. Calculated values of 6, (the coefficient of P,,(cos@) in the formula of the p—p 
unpolarized cross section) for the sets which are compatible with the p—p polarization data, at 
150 Mev. 
" * “ ajusted values of 
set bo% O07 €, by) 6.) 6, 19 to es 25 mb 
=0:52 0,22 0.21 | 
AW 0.13 —0.08 — 0.26 0.75 0.03 0.06 | 0.35 
0.00 0.46 —0.12 
= =o = — +. = 
—0.52 —0.43 0.28 
AY 0.22 —0.08 —0.35 0.74 —0.25 0.09 0.00 
— 0.26 —0.12 — 0.03 
B/D 027 —0.04 —0.35 0.72 0.03 0.14 0.00 
0.21 —0.04 — 0.26 0.74 0.32 0.10 = || 0.40 
a 
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e g (A) = 
o - = 
& E ig 
5.0 5.04 5.0 
Sy = 
in, 9 
i=] 
= 


(do/4Q),, 


(1); 76,=0, 6&=—0.35 
(2); '6,=0.4, &—=—0.26 


: 30° 60° 90° 30° 60° 90° all 60° 90° 
a) 7] G 


Fig. 3. P—p unpolarized cross sections at 150 Mev calculated by the scattering parameters which 
can explain the p—p polarization data and are shown in Table 2. The shaded_area represents the 


available experimental data!”). 
(A) Calculated curves for the set AM. 
(4) Calculated curves for the set 4’. 
(B’) Calculated curves for the set B’“). The curves (1) and (2) are calculated respectively by 


the upper set and the lower set in Table 3. 


where Je ’ 0") ==sin 0? sin 0,°" cos (0? == 0 ,,°") fs 


It is clear from (3-6) that the forward peak becomes pronounced when ¢€, tends to zero 
from negative -values, because (2a|07) >0, (27|07) <0, (2a@/1) <0 and (27/19) >0 
in the presence of a strong tensor potential with the positive sign in the triplet odd 
state. Therefore, values of ¢, are sharply determined by the experimental angular distri- 
bution. 

Thus the p—p scattering data restrict the allowable properties of the scattering 
parameters in the T’=1 state as follows. 

Set A: With €,——0.26 the p—p data are completely reproduced (Fig. 1 and 
Fig. 3 (A)). Roughly speaking, the singlet scattering gives the forward peak and the 
triplet scattering mainly due to the strong tensor force (V0) gives a peak at #~ 90°, 
and as a whole the isotropic angular distribution is obtained. 

Set A’: This set is excluded, because the strong peak at 7 ~ 90° takes place in 
the restricted values of the *P,+°F,-scattering parameters which are consistent with the 
polarization data (Fig. 3 (A’)). This fact results from the large value of the *P.-phase 
shift. 

Set B' : One extreme case shown in Table 2 (the largest '0, and the smallest 
0,*) is excluded, because due to the small value of \0,*| the strong singlet forward 
scattering cannot be cancelled. In the other extreme case (the smallest "0, and the largest 
0,*), an interference minimum at 450° appears due to a small singlet scattering (Fig. 
3 (B’)). Therefore, the set B’ is more unfavorable compared with the set 4"), although 
this set is not completely excluded by the data. 


From the results of this section, we can conclude that the sets with the same 
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qualitative property 2s A® are most favorable to explain the p—p data at 150 Mev. 
The set 4” is characterized by a strong tensor force just like the one-pion-exchange 
potential im the outer part. It should be emphasized that this strong tensor force with 
the positive sign is indispensable to explain the large polarization for 46<90°. This fact 
constitutes 2 strong support to the pion theory of nuclear forces. Besides, two properties 
indicated by J.~0 and the small *S,-phase shift are to be noted, since both facts may 
be the positive evidences for the existence of a hard-corelike repulsive interaction, as will 
be discussed m §5. 


$4. Neutron-proton scattering 
Im this section, the =—p polarized and unpolarized cross sections are analysed to 
imvestigete properties of the mteraction in the T=0 state. Analyses are performed using 
the sx of the T=1 scottermg parameters summarized in Table 4. Firstly, we shall 
analyse the =— polarized cross section im order to find gross allowable features of the 
mot so acomrate. Then the =—p unpolarized cross section will be analysed in detail. 
For the sake of comvenience of analyses, we neglect the *G,-wave at first and take it into 
comsxierstion eter on. 
A. Nestrosproften polanzed cross section 
The =— polarized com section is written in the form, 
P(0) (dc /d2),,= (sin 6 /F) D2, P, (cost) (4-1) 


The expressions of <, are given mm Appendix. For s—odd, we divide a, into a” (the 
past af the T=0 sce) and &” (the part of the T=1 state). As the values of 2%, 
we adogt the expecimentel values of the p—p polarization given by (3-2). 

The expecimental doe™ shown mm Fig. 4 have the features that P(#) >0 at 6110° 
and P(@)<O0 2 @>110°. Therefore, the experimental values of a, are roughly re 
pessemces 2s follows - 

2,=04~08, 0< (4,/4,) [1/2 (4-2) 


and both 2 and 4, ae smal) ompered wah «. 

The following semms =e important to give the large and positive 4, 

(g(<,) /9) {—9[1e117]+5[27\12]—5[27/17}}. (4-3) 
whee of<,) is deimed im Appendix and plowed im Fig. 8. 

Under the comditions of Table 1, 65 ~04, 9,*>0 and 67<0, so all terms in the 
beaks (4-2) commie addeely a >0. = Therefore the experimental fact, 4,> 0.4, 
segues OD <, <0.35 and 2 lage value of 6". 

Now choose the following sets 28 typical ones. They are adjusted to give the ex- 
pecmemal —g corel coos secon - 


~ 
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0 
See A”; 


Set Bw: 'o, =30.4), 


Set nC Osi Gen Osa 


For each set, €,=0, 0.35 and 0,7= 
0.1, 0,’ —0.1 are assumed. The 
calculated curves of the n—p polarized 
cross section are shown in Fig. 4. 

From Fig. 4, the following results 
are obtained : 

The tensor dominant character of the 
scattering parameters; All sets A, B’” 
and C can reproduce the n—p polari- 
zation data if 0;*>0, because 0,* and 
|0,"| are large. This property of the 
triplet even phase shifts comes from 
the strong tensor force just like the 
one-pion-exchange potential. Further, 
it should be noted that the tensor 
dominant character of the triplet odd 
scattering parameters is important to 
explain a) >0, as is understood from 
the results obtained at 90 Mev by 


Watari.” 

Allowable region of €,; The n—p 
polarization data restrict €, as ON €, 
< 0.35, though they are not so sensi- 
tive to the change of e€, in this region 
because the €,-dependence of a, and a, 
is mainly attributed to y(e,). 

°D;-+°G,-state ; The sets with 0,° 
<0 are incompatible with the experi- 
mental data, because they give a posi- 
tive polarization for # > 120° due to 
their large a,/a, (>1/2) and negative 
a;. The fact, 0,*>0, requires 0,7 >0 
and ¢€,>0 under the presence of a 
negative and strong tensor force as the 
one-pion-exchange potential. The inclu- 
sion of effects of the °G,-wave determin- 


ed by the pion-theoretical potential 


0f=0.55, 
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6,7=0.20, 0,7, =—0.40, 
6,*=0.40,, 6;'=— 0.40, F (4-4) 
66=0.20, 3° —0.60.} 


(mb/ster) 


P(0)(da/dQ),,,, 


° 


| 
~ 
° 


30° 60° 90° 120 150° 180° 


(mb/ster) 


2.0 


P(0)(ds/d2),, 
5 


So 


| 
Ae 
to) 


30° 60° 90° 120° 150° 1g9° 
0 
Fig. 4. Calculated curves of the n—p polarized cross 
section at 150 Mev, for three sets given by (4-4). (A), 
(B) and (C) correspond to the sets 4, BO and Cm, 
respectively. The experimental points are those in ref. 
13). Numbers attached to the curves are values of O3%. 


(6) +4 4 + +++ ++_ ++ 
° ° ° ° ° 
(mb/ster) 30 60 90° @ 120 150 
10.0 (d) 


Fig. 


(a) 


{b) 
(c) 


(do/d22),, 
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150° 


120° 


4 (13745) Mev 
$ (15643) Mey 


= 
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5. N-—p unpolarized cross section at 150 Mev. 


Calculated curves by the set A\ for two values of 
€,, 0 and 0.35. 

Calculated curves for three sets with €,;=O0. 

Effect of the °G3-wave (for the set BO) with €;=0). 
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makes the n—p polarization better. 
Effects of the °G,-wave are no more 
discussed here and will be investigated 
in the next part, since the n—p 
polarization data are not accurate. 

B. Neutron-proton unpolarized 
cross section 

In this part, by comparison with 
the n—p unpolarized scattering data,’” 
we shall investigate the following 
problems ; to clarify which sets among 
A”, B®, and C® is preferable for 
the angular distribution, to determine 
€, more precisely, to investigate in 
detail the effect of the °G,-wave and 
the 
singlet odd state by means of the 
"P-phase shift. 


The n—p unpolarized cross sec- 


to discuss interaction in the 


tion is expressed as 


(do (A) /d2) np 
= (1/4) = b, Be (cos () ? 


(465) 
where 6, =6°? +6“? for n=even. For 
b> we substitute the values of the 
set A® with €,=—0.26 given in 
Table 3. 

The experimental angular distri- 
bution is roughly symmetric about 


§=~ 70°, and is slightly larger in 


the backward direction.’ Therefore, 
the following conditions, 

— ; °G;-wave not included, 16,=—0.2. 
—; 8Gs-wave (d3°=—0.05, €;=0.52) 


included, 16,=—0.2. 
; °Gs-wave not included, 16,=—0.4. 
; 8Gs-wave (d3°=—0.05, €;=0.52) includ- 
ed, 16,=—0.4. 
(d) Comparison with the experimental data. 
The calculated cross sections are given by the 


scattering parameters in Table 4. 
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b> 0, b,<0 and |b,/bo)<1 (n=1, 3, 4) (4-6) 
should be satisfied. 
Analyses are performe 


the results hitherto obtained. 
the sets 4, B® and C given by (4:4). In the calculations, two values of €, (0 


and 0.35) are adopted, because the n—p polarization data restrict €, as OX €, 0.35. 
At first, the 'P|-phase shift is fixed as '0,=—0.20. Then the °G,-wave effects are taken 
into account. Finally, the ‘P,-phase shift is changed in the region shown in Table 1. 
The results are shown in Fig. 5. 

The large 0,° mainly affected by a strong tensor force plays an important role to 
explain the peaks in the forward and backward directions. The *D,-state contributes 


mostly in the form: 


d under the conditions given in Table 1 and on the basis of 


At first, assuming 0,°=0 and €,=0, we calculate 6, for 


to by, (25/14) (28|28) + 10 (cos €,—27"” sin €,)*(2,7| 1a’) 
+ 10 (sin e, +27” cos €,)?(28]17) (4-7) 
and to b,, (40/7) (2)3|2;9). (4-8) 


The large 0,°, however, makes 5, large, so (do(#) /d®),,, has the tendency to show a 
hump at 690° and dips at 650° and 130°. In order to suppress this tendency 
and explain (do (90°) /d2) ~ 2.5 mb/ster, large values of 6, are indispensable. To make 
the situation best, the triplet even scattering parameters must have the following properties : 

Mixing ratio with J=1: €,=0 is indispensable for all sets because of (28\1la) >0 
and (2/|17) <0, as clearly understood from the dependence of (4-7) on €, (Fig. 5 (a)). 

Selection of the sets: The set B is the best, because it satisfies the condition 
(64/6) <1, while the other sets A and C do not (Fig. 5 (b)). Therefore, the 
properties, 0,°=0.40~0.45 and 0,*~—0,'~0.4, are considered to be required from the 
n—p unpolarized scattering data. It is not favorable if the two-pion-exchange central 
potential in the triplet even state is strongly attractive because 0,* becomes too large at 
high energies (E,,, 2 150 Mev). Therefore, Brueckner and Watson’s™ and Gartenhaus’ 
potentials’ are unreasonable from this reason in addition to the theoretical reasons dis- 
cussed in ref. 18a). 

In the case of B® with €,=0, further results are obtained as follows : 

°G;-wave effects: Even in the set B™, the hump at #=90° and the dips at @= 
50° and 130° do not disappear completely. This difficulty is removed by including 
effects of the °G,-wave of the pion theoretical type, that is, €,>0 and —0.1<0,7<0. 
For example, Fig. 5 (c) shows their effects in the case of €,=0.52 and 06,*=—0.05. 

'P,-wave phase shift: As is seen from Fig. 5 (c), although the inclusion of the 
°G;-wave makes the fit better, it makes both the forward and backward peaks weaker than 
the experimental ones. Noticing that the experimental backward peak is slightly stronger 


than the forward one, we get the final fit by modifying the 'P,-phase shift, that is, by 
changing '0, from 


‘0; = —0.2 to '0,=—0.35 (Fig. 5 (d)). 
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Thus the final set of scattering parameters given in Table 4 can completely reproduce 
the n—p unpolarized cross section. 


Summarizing the results of this section, the following conclusions are obtained. The 
tensor dominant character of the scattering parameters (especially, the large values of 0, 
and |0,"| in addition to the large separation of the *P,-phase shifts) is of particular im- 

» Q . . 
portance. Also, the facts, 0,*~0.4 and '0,~—0.35, give valuable information to the 


nuclear interaction in the T=O state, as will be discussed in the next section. 


Table 4. Final values of the scattering parameters which are consistent to all experimental data 
at 150 Mev (in radian). 


~ . 
ee 1 (triplet) 0 (singlet) 
Se 0 | 1 1 | 0 
0 | $Pg- do" 0.50 1$) | 16)~0.3 
| 0\*~—0.4 
1 35; +3D,| Oe — 0,4. a 0)" =—0:30 1p, | 16,=—0.4~ —0.3 
€,~0 
| do% = 0.13 
2 Lee Ds 62° =0.40 5P,+5F,| 62° =—0.08 1D, 19. = 0.08 
| | ~0.45 | €s ~—0.26 
| 
| 63%~0.1 | 
3 |3Ds+3G3\ d37=—0.05~—0.1| 3F3 | 63*=—0.02 1F ga 01075 
| €,~0.5 


§5. Properties of the nuclear interaction indicated by the 
scattering parameters 


The characteristic features of the scattering parameters obtained in the preceding two 
sections imply various important properties of the nuclear interaction, as we discuss below. 

The tensor dominant character of the scattering parameters is the most decisive 
factor that serves to reproduce all the important qualitative aspect of the experimental 
data at 150 Mev. The values of the triplet scattering parameters shown in Table 4 are 
very close to those which are mainly determined by the outer part of the tensor force 
of the one-pion-exchange potential. From these results, we can conclude that the nuclear 
interaction has the following properties : 

(1) The tensor dominant feature of the outer part of the pion-theoretical nuclear 
forces is of decisive importance still at high energies. 

(2) We can find no evidences for the existence of such velocity-dependent interac- 
tions as play an essential role in scatterings up to 150 Mev. 

(3) A hard-core-like repulsive interaction probably exists in all states as is discuss- 


ed below. 
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(i) In the singlet even state, the small value of the 'S,-phase shift ('¢,~0.3 at 
150 Mev) indicates the existence of a hard-core-like repulsive interaction, as introduced 
originally by Jastrow.'? 

(ii) In the triplet even state, the rapid decrease of the *S,-phase shift at high 
energies (0,*~0.4 at 150 Mev) indicates that a hard-core-like repulsive interaction exists 
also in this state. This conclusion agrees with the results obtained by Watari at 90 
Mev.” 

(iii) In the triplet odd state, the fact J.~0 is the evidence for the existence of 
a hard-core-like repulsive interaction as follows : 4,~0 means that the effect of the central 
force to the *P,-phase shifts is roughly cancelled out as a whole. From the analyses in 
the low energy region, the strong attractive property of the two-pion-exchange potential 
has been clearly verified. Therefore, we can expect the existence of a hard-core-like repul- 
sive interaction which suppresses the increase of the *P,-phase at high energies due to 
this attractive force. 


(iv) In the singlet odd state, the * 


phase shift ('0,~—0.35 at 150 Mev) seems 
to be affected by some repulsive interaction at small inter-nucleon distances in addition 
to the strong repulsive one-pion-exchange potential at large distances. Also a hard-core- 
like repulive interaction in this state seems to be favorable in explaining the backward 
peak of the n—p angular distribution at high energies. 


§ 6. Critique on Signell and Marshak’s and Gammel and Thaler’s 
spin-orbit coupling potentials 


In the works made by Signell and Marshak” and by Gammel and Thaler,” strong 
spin-orbit coupling potentials are considered to be indispensable to explain the high energy 
data. However, the spin-orbit coupling potentials they introduced are too strong to be 
expected from the present pion theory at large inter-nucleon distances. In fact, a recent 
calculation made by S. Sato et al.” as well as other perturbational calculations” show 
that the spin-orbit potential is due to some retardation effects and is small compared with 
the static pion-theoretical potentials’ at x > 0.7. These situations are shown in Fig. 6 
and in Table 5. Although there probably exist not only the spin-orbit potential but also 
some other velocity-dependent interactions with more complicated natures, it would be 
reasonable to expect that they are mostly confined at the small distances x20.7. On 
the other hand, the results of our work show no positive evidences for the existence of 
any strong velocity-dependent interactions in the outer part, that play an important role 
to reproduce the experimental data up to about 150 Mev. 


Table 5. The strengh of spin-orbit coupling potentials in the triplet odd state (in Mev). 


, py al pion-theoretical* | Signell-Marshak Gammel-Thaler 
x=1 =105 —8.10 —7.20 
x=2 | —0.008 —0.42 —0.019 


* ref. 6) and 18a) 
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Fig. 6. Spin-orbit potentials and static pion-theoretical potentials in the triplet odd state. 
L-S(P) ; the spin-orbit potential derived by the pion theory. The plotted curve is of ref. 6). 
L-S(SM) ; Signell and Marshak’s spin-orbit potential. 

L-S(GT) ; Gammel and Thaler’s spin-orbit potential. 
OPEP ; the one-pion-exchange potential with g,"/4z=0.08 
TMO!'8»), KMO!'8c) ; the one- plus two-pion-exchange potentials. On the other pion-theoretical 


potentials, see ref. 1) and 18a). 
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A. On Signell and Marshak’s spin-orbit coupling potential * 

Signell and Marshak got a good fit with the experimental data up to 150 Mev by 
adding an unreasonably strong and long-range spin-orbit coupling potential to Gartenhaus’ 
potential.’ 

Justifying to use Gartenhaus’ potential, Signell and Marshak say that “his potential 
gives a good fit to all the low energy data. This is encouraging since there are (in 
essence) no free parameters in his potential: the renormarized coupling constant and the 
cut off energy are taken from Chew and Low’s work on photo pion production and pion- 
nucleon scattering”. However, it is easily understood that this justification is logically 
in contradiction with very introduction of the spin-orbit coupling potential, since, if the 
justification were valid, Gartenhaus’ potential would be able to reproduce all experimental data. 

As an immediate consequence of the above justification, the applicability of the 
potential, which has been pointed out and discussed in detail by Taketani’” and other 
Japanese physicists,””’* * is not taken into consideration in their works at all.* Although 
Gartenhaus’ potential has the correct asymptotic behaviours, their undue reliance on the 
inner part of the potential leads to two unaccountable facts: one is that the ‘P,- and *P.- 
states respectively have one unphysical bound level.*** The other is that, as will be 
explained below, a deep attractive well near the origion in the triplet odd state causes 
apparent disagreements” with the experimental data and made it indispensable to introduce 
an unreasonably strong spin-orbit potential. 

The attractive well around the origin gives a very large *P,-phase shift which is not 
favorable in explaining the data. It is suppressed by the spin-orbit potential. To avoid 
the unphysical bound states without destroying a good fit obtained by such a potential, 
they adopted the zero cut-off procedure. They also applied the same zero cut-off for 
x<0.57 to Gartenhaus’ potential, and found that the more reduction of the °P_-phase 
shifts is necessary. This is apparent, because the resulting values of the *P,-phase shifts 


are very near those of the set A’ 


in Sec. 3 (compare the points denoted by G’ in 
Fig. 7 and those in Table 2). The adoption of the zero cut-off or, more generally, any 
prescription of the inner interactions is purely of phenomenological nature. Although 
they adhere to the introduction of a strong spin-orbit potential to reduce the °P-phase 
shifts further, the hard-core cut-off procedure just as done in our analysis is exceedingly 
preferable for this purpose. If the hard-core cut-off procedure is applied to Gartenhaus’ 


potential instead of the zero cut-off, we get the *P,-phase shifts of the tensor dominant 
type such as the set A“ in Sec. 3. 


* It is to be noted that the cut-off procedure in the momentum space adopted in Chew and Low’s 
work is merely of phenomenological nature. Therefore, the part of the nuclear potential which seriously 
deyends on the cut-off procedure should be checked by comparison with the experimental data. 

**“ In the presence of the bound levels Signell and Marshak’s phase shifts of the 1P,- and *Py-states 
are equal to z at the zero energy. In the actual calculation, they used the difference from z for ds She 
shifts instead of the actual ones. Therefore, the resultant numerical values would not be reliable. 

t The bound level in the *Py-state is caused by an additive effect of the two deep attractive wells 
one is that of Gartenhaus’ potential and the other of the spin-orbit term introduced. 
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Fig. 7. °Py-phase shifts calculated by various potentials, upto 150 Mev. 
Ours; The values at the lower energies then 100 Mev are those obtained in ref. 1), 2) and 
3). The dotted points denoted by TMO are the values calculated by the TMO potential!%») 
with the hard-core cut off for x<0,333.2) 
G; Gartenhaus’. G’; The values calculated by applying the zero cut-off to Gartenhaus’ 


potential for x<0.57.4) 
SM; Signell and Marshak’s. *For the *P2-phase shift, differences of from 7 are plotted. 


GT; Gammel and Thaler’s. 
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From the above discussions, we can say that the introduction of the strong spin- 
orbit potential in Signell and Marshak’s work comes from their undue reliance to the 
inner part of Gartenhaus’ potential and from their adhesion to the zero cut-off a 
Of course, good fits with the data obtained by their potential do not justify the introduc- 
tion at all. 

B. On Gammel and Thaler’s spin-orbit coupling potential * 

Gammel and Thaler’s prediction of a strong spin-orbit potential is based on the 
phase shift analysis by Stapp et al. at 310 Mev.” 

However, it is hardly justified that the results of the phase shift analysis are regarded 
as the only standard of analysis, since the results is not unique. Also it is dangerous 
to extrapolate any results at the high energy to the low energy regions. In fact, even 
below 100 Mev, the strong spin-orbit potential they introduced destroys the tensor 
dominant feature of the *P,-phase shifts established by the pion theory, as already dis- 
cussed by Otsuki? (Fig. 7). This is due to the large potential depth of their spin-orbit 
potential, in spite of its small range. Therefore their unreasonably strong spin-orbit 
potential can be hardly accepted. 

If we examine their results from a purely phenomenological view-point, their fit can 
be understood as follows. At 150 Mev, their *P,-phase shifts are of the type 


~y 
d,'~0, 0,°<0 and 0,*_ 0, 


and the value of ¢€, is nearly equal to ours. These features of the *P,-phase shifts make 
4 in (3-3) small as in the set B®, and the p—p polarization data can be explained 
only in the case of a large 0,*, as seen from Fig. 2 (B). The spin-orbit potential with 
the negative sign contributes so as to make 0,* large.* In the p— p unpolarized cross 
section, the effects due to decrease of 0,’ are compensated by those due to increase of 
0,*, and an isotropic angular distribution is obtained. 

The failure in an attempt by Gammel, Christian and Thaler™ to reproduce the 
p—p polarization data by means of phenomenological central and tensor potentials is at- 
tributed mostly to the values of €, (—0.540 at 160 Mev and —0.912 at 300 Mev). 
For such values €,, f(€,) becomes about zero or negative (Fig. 8), and consequently 
small or negative polarizations appear for 490°: This disagreement is more or less 
accidental, since f(€,) is sharply dependent on ¢€, around its roots. Before introducing 
a strong spin-orbit potential as to violate the outer part of the potential, properties of 
the inner interaction to supress the rapid decrease of ¢€, should be carefully examined. 
This problem is now under investigation, 

Summarizing the above discussions we can say that Gammel and Thaler’s attempt 
is simply one of possible ways to understand the experimental data at the high energy. 


At the low energy it is hardly accepted since the tensor dominant property of the °P,- 
phase shifts is violated. . 


* However, since their do? is slightly positive at 150 Mev, 
polarization (a3()>0) cannot be reproduced. 


the forward shift of the peak of the p-—pP 
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$7. Concluding Remarks 


Analysing the nucleon-nucleon scattering data at 150 Mev and referring to the results 
of analyses below 100 Mev, we can conclude as follows. The experimental data up to 
150 Mev can be understood by means of two main features of nuclear forces, a strong 
tensor force at large inter-nucleon distances and a hard-core-like repulsive interaction at 
small distances. This tensor potential has the same exchange character as the one-pion- 
exchange potential. In the most inner region (x <0.3~0.4), a hard-core-like repulsive 
interaction probably exists in all states. This repulsive core is considered as something 
closely related to the structure of nucleon. Thus we find no positive evidences on the 
existence of such velocity dependent interactions as play: an essential role below 150 Mev. 

Now it may be said that we have plenty of knowledge on nuclear forces enough to 
investigate problems on nuclei on the basis of two-body interactions, since nuclear structure 
and low energy nuclear reaction are related with rather low energy phenomena in problems 
of nuclear forces. Especially, the most interesting problem is what properties of many 
nucleon system come from the tensor dominant character of the long rang correlations. 
The following potential model seems to be most reasonable as the two-body interaction 
to be used : 

The one-pion plus two-pion-exchange potentials with 9,?/47=0.080 (x = 0.7) 

+square wells with suitable depth 0.7 2° 0.3~0.4) 
+hard-core (x <0.3~0.4). 

Further investigations are required to clarify the properties of the interactions at 
small inter-nucleon distances. One of the phenomenological attacks on this problem is 
to examine the correlation between the phase shifts, the rather small values of the mixing 
ratios (€, and ¢€,) and the inner interactions. 

The author would like to express his sincere thanks to Dr. S. Otsuki and Dr. W. 
Watari for their cooperative discussions. He is also indebted to Professor M. Kobayasi 


for the encouragement during the work. 


Appendix. Formula of the polarized cross section 


The polarized cross section of nucleon-nucleon scattering is expressed in the form, 
P(@) (do /d2) p= (sin O/k’) >} 4, P, (cos 4), 


P(0) (do /d2) »,= (4sin4/k’) S)a,P, (cost). 


n=odd 


The coefficient 4, of the Legendre polinomial P,,(cos#/) is represented by the phase shift 
0,*(0=a, 9 and 7) and the mixing ratio €;. a and 7 specify the coupled states and 
? the uncoupled state. The states with J]<3 and L<3 are taken into consideration. 
a, for even (odd) n consists of the interference terms between the different (same) 
parity states. We decompose a, (n=odd) into two parts a” and a‘, where aS” contains 
only the contributions from the 7’=0 state, i. e. the triplet even state and a‘ contains 


only those from the T=1 state, 1. e. the triplet odd state. 
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Notations used in the expressions of 4, are as follows ; 
[Joly p")=sind,* sind, sin (0,— 9%), 

g (€,) =cos2€,+ (1/22) sin2€,, 

f(éo) cos 2éo-+ (1/2 V6) sin2€,, 


g' (€,) = (7/2) cos’ €,+ (7/42) sin 2€,+ (13/4) sin’e€,, 


1.0 
9(€,) 
f(e) 
0.5 
0 ee 
—7/6 0 €, =/6 
—0.5 
—1.0 


Fig. 8. Graphs of f(€:) and 9 (€;)- 
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f' (€s) = (9/4) cose, + (7/416 ) sin2€,+ (13/42) sin? e,, 

f" (€s) = (3/4) cos’ e+ (7/26 ) sin2e,+ (4/3) sin? €,, 

F(€,, €)=(5/4) cos? €, cos? €,+ (5/8 1/2 ) sin2€, cos? €,-+sin? €, cos? €, 
— (5/6) cos*€, sin? €,+ (9/8 )/ 6 ) sin’ €, sin2€,— (5/12) 2 ) sin2e, sin? €, 
— (17/12) sin? €, sin? €,, 

G(€,, €:)=(9/2) sin’ €, cos’ €,— (25/6) cos”, sin’ €, + (9/416 ) sin’ €, sin2e, 
— (25/1272) sin2e, sin? €,— (1/3) sin €, sin? €,. 

a, (n<3) are represented as follows : 

do= (1/2) 9 (e,) {LO7| 1a ]—[07|17]} + (3/4) 9 (ex) {[18|1¢]—[19| 17]} 
+F(€,, €:)[la|2a]+F(e,, ¢:+7/2)[1lal27]+F(e,+7/2, €2)[17|24¢] 
+F(¢,47/2, €.+7/2)[17|27]+ (5/4) f(es) (28 |2¢]—[26|27]} 
+ (1/2) [07|3a@]+ (3/4) [18|3@]+f" (e2)[2@|3a] +f" (e+ 7/2) [27|3a] 
+ (7/24) 9 Ce) {[38| 1a ]—[38|17]} + (4/3) [38/34]. 

a= a Pals 

af = — (9/4) 9 (e,)[1a|17]+ (5/4) 9 Ce.) {[28|1¢]—[24|17]} 
+9’ (€,)[1a|3a]+9'(e,+7/2)[17|3@]+ (15/4)[28|34], 

a = f(e,) | 6/2) {Lor |2a]—[o7|27]} + (9/4) {[18]2¢]—[18|27]} 


— (15/4)[2a|27]— (21/8) {{2a|39}—[2r138)} |. 


S27 


dy= (5/2)[07|3a]+ (15/4) [16|3@]+G(e,, €,) [1la|2a]+G(eE,, €,+7/2)[1a|27] 


+G(e€,£7/2, €,)[17|2@]+G(e, 47/2, €.47/2)[17|27] 
+ (5/2) f(s) {[28|2a]—[28|27]} +f" (€2)(2a|3a]+ f" (eo 7/2) [27] 34] 
+ (35/24) 9 (e,) {[38|1¢]—[38\17]} + (5/12) [38|3a]. 

d= a + ah? ; 


as = (27/4) (sin? e,[1a|3a@]+ cos’ €,[17|3a]} + (15/4)[38|3a], 


d= fe) | (15/2)[24|27}+ (21/8) {[20138]—L2r138) J. 


528 


1) 


R. Tamagaki 


References 


J. Iwadare, S. Tamagaki R. Otsuki ard W. Watari, Supplement of Prog. Theor. Phys. No. 3 (1956), 
Part II. 

S. Otsuki, Prog. Theor. Phys. 20 (1958), No. 2. 

W. Watari, Prog. Theor. Phys. 20 (1958), No. 2. 

P. S. Signell and R. E. Marshak, Phys. Rev. 109 (1958), 1229. 

J. L. Gammel and R. M. Thaler, Phys. Rev. 107 (1957), 291; 107 (1957), 1337. 

I. Sato, K. Itabashi and S. Sato, Prog. Theor. Phys. 14 (1955), 303. Also see ref. 18a). 

S. Sato (private communication) . 

For example, J. L. Gammel and R. M. Thaler, Phys. Rev. 103 (1956), 1874. 

For example, H. P. Stapp, T. J. Ypsilantis and N. Metropolis, Phys. Rev. 105 (1957), 302. 

J. M. Blatt and L. C. Biedenharn, Rev. Mod. Phys. 24 (1952), 258. 

E. Baskir, E. M. Hafner, A. Robert and J. H. Taylor, Phys. Rev. 106 (1957), 564. Proceedings 
of Seventh Rocherter Conference on High Energy Physics (International Publishers, Inc., New York, 
1957) ip Chap. 3: 

J. M. Cassels, T. G. Pickavance and G. H. Stafford, Proc. Roy. Soc. (London) A214 (1952), 
262. O. Chamberlain and J. D. Garison, Phys. Rev. 95 (1954), 1349. 

A. Robert, J. Tinlot and E. M. Hafner, Phys. Rev. 95 (1954), 1099. 

T. C. Randle, A. E. Taylor and E. Wood, Proc. Roy. Soc. (London) A213 (1952), 392. J. J. 
Thresher, R. P. G. Voss and N. Wilson, Proc. Roy. Soc. (London) A229 (1955), 492. 

K. A. Brueckner and K. M. Watson, Phys. Rev. 92 (1953), 1021. 

S. Gartenhaus, Phys. Rev. 100 (1955), 900. 

R. Jastrow, Phys. Rev. 81 (1951), 165. 

a) S. Machida and T. Toyoda, Supplement of Prog. Theor. Phys. No. 3 (1956), Part IIL 

b) M. Taketani, S. Machida and S. Ohnuma, Prog. Theor. Phys. 7 (1952), 45. 

c) M. Konuma, H. Miyazawa and S. Otsuki, Prog. Theor. Phys. 19 (1958), 17. 

M. Taketani, S. Nakamura and M. Sasaki, Prog. Theor. Phys. 6 (1951) 581. 

K. Nishijima, Supplement of Prog. Theor. Phys. No. 3 (1956), Part IV. 

S. Fujii, J. Iwadare, S. Otsuki, M. Taketani, S. Tani and W. Watari, Prog. Theor. Phys. 11 
(1954), 11. 

J. L. Gammel, R. S. Christian and R. M. Thaler, Phys. Rev. 105 (1957), 311. 

S. Otsuki, R. Tamagaki and W. Watari, Prog. Theor. Phys. 19 (1958), 217. 


329 


Progress of Theoretical Physics, Vol. 20. No. 4, October 1958 


On the Wave Propagation in the Non-Linear Fields, II 
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The general scalar non-linear fields satisfying the Lorentz-covariance are classified into two groups, 
the semi-linear and the quasi-linear. The singularities on wave fronts are investigated in each case, 
on the basis of the characteristic theory of partial differential equations. 


$1. Introduction 


In a previous paper’* of the present author, the propagation of waves in the two 
typical non-linear fields was investigated, one of which is of the so-called Born type and 
the other corresponds to the relativistic hydrodynamics, and it was shown that there exists 
a remarkable difference between the propagation characters of these two non-linear fields. 
In the present article, we shall deal with the general non-linear scalar equations and in- 
vestigate the singularities on the wave front invading the vacuum, hoping that our results 
may be of use to attempts of explaining the multiple production of mesons from the view- 
point of non-linear theory. In our opinion, the conclusion of this paper may also be 
instructive for the non-linear field theory of elementary particles. 

In the next section, we shall classify the non-linear equations into two groups, the 
semi-linear and the quasi-linear, other equations which do not belong to these groups seem 
to be unphysical and may be excluded from our discussion. 

In § 3, the semi-linear equations will be studied not only in one dimensional but also 
in three dimensional cases, and it will be shown that in the both cases, the initial disconti- 
nuities on the wave front are preserved in the course of propagation. As a result the 
propagation character of the semi-linear equation is not so different from that of the 
linear equation, so far as the behaviours of the singularity on the wave front are concerned. 

In § 4 we shall investigate the one dimensional propagation characters of the quasi- 


linear equations, to the special examples of which correspond the fields considered in the 


previous article (I).* 


§2. The classification of the non-linear equations 


In this paper we consider the field equations derived from the Lagrangians L(4, 4,,) 


* Hereafter, this paper will be denoted as (I). 
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in which ¢ is a scalar field variable and ¢, is its derivative with respect to the space time 
variable x,.* Hereafter, Greek subscripts assume values ranging from 1 to 4, and a 
repeated indces indicate summation. 

Without loss of generality it may be assumed that the invariant L which gives the 
second order covariant equation for ¢, is to be a function of d and Q=d, ¢,/2, ie. 


L=L(Q, 4). 


The Euler equation, then, can be written as follows 


OL OL omg B AL 
aaa Meher wb i acs 2 ao =O, 2*1 
9Q Oe dQ? $e By Pan H2Q 9Q96 36 vests 
or 
Juv duvtf (bus 0) =0, (2-2) 
in which g,, and f are given by 
92 age dvs 
AQ ae 
and 
aL OL 
=? ZS) 
é 5036 00 
respectively. 


According to the usual mathematical terminology, we call the equation of the type 
(2.2) “the quasi-linear equation”, whose characteristics determined by g,, depend, 
in general, on the field variables g and ¢, and imply that in such a field the signal 
velocity may exceed the light velocity.” Especially if L is a linear function of Q, 9,.’s 
are independent of ¢ and ¢, and (2.2) reduces to 


C1é+4(¢, 6.) =0. 


We call the equation of the above type “the semi-linear equation’ whose characteristics 

aie given 4 priori in the four dimensional coordinate space (Minkowski’s light cone.) As 

is obvious from the above definition, the semi-linear equation should be regarded as the 

special case of the quasi-linear equation. Throughout this paper, however, only those 

equations whose characteristics are dependent on the field variables will be called “ quasi- 

linear’ and distinguished from the semi-linear equations. 

Bente in many cases the characteristic manifolds can be the separation surfaces, in 
passing over which the higher order derivatives become discontinuous, this daniboncice 
of field equations seems to be most advantageous if it is applied to the investigations of | 


Sc on 
singularities on the wave fronts. Moreover the discussions along this line of  classi- 


eTh i i i 
i a coordinate vector of a four dimensional point x is denoted by x, (r, it). The real time coor- 
inate x9= (1/i)xs=¢ is also used and we use the same unit as was used in (I) (6=c=1) 
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fication may be interesting from the philosophical point of view as it is closely connect- 
ed with the validity of the micro-causality.” 


§ 3. The semi-linear equations 
In this case the Lagrangian L(Q, @) is linear in Q, that is, 
L=A(6)Q+ Bi), (3-1) 


in which A and B are functions of ¢ alone. 
In the following calculation we first consider the case in which A(d) is equal to 


unity, and B is a polynomial of 4. 


(5 


The field equation, then, reduces to 


Clo— f(g) =0, (f(0) =0) (3-2) 
in which f(g) is equal to B’(d). One 
sees that for physical applications the 


equation (3.2) is sufficiently general. 

In the first place, let us consider 
the one dimensional propagation and 
illustrate the behaviours of waves in 
the neighbourhood of the wave front 
facing the vacuum. 

Introducing the characteristic coor- 
dinates ¢ and 7 defined by $=} (x— 
t) and y=3(«+1#) respectively, we 


can transform (3.2) into 


Ob 
Fig. 1. The hatched region (I) is the vacuum. adn 


—f() =0. (3-3) 


If at t=0 the initial condition is given in such a way that the values. of g(x) and 
d,(x) are equal to zero for x>0, and finite for x<0, it is obvious that the region I 
bounded by the line €=0 and the positive part of the x-axis (c.f. Fig. I) is the vacuum 
and across the separation line ¢=0 the discontinuities generally appear in the higher 
order derivatives of ¢.° . 

However, in physical applications, one often encounters the discontinuities of ¢. or 
é itself. Hence we begin with the analysis of the discontinuity of ¢, at 2501 

Suppose that across ¢ =O the function ¢ and its tangential derivative by are continuous, 
while the normal derivative ¢. is discontinuous and has a jump 4@,. 

Consider equation (3.3) at points P, and P,, one on each side of the line f=) 
(c.f. Fig. 1) Subtract one of these equations from the other and then let P, and P, 
approach one point P on the line o==0, 


Since ¢ and its derivatives with respect to 7 are continuous, we have the following 


equation for 4d¢, : 
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d(4g.) /d7z =0. (3-4) 


From (3.4) there results that 4¢, is constant, equal to its initial value x, and the dis- 
continuity of the derivative g, is preserved in the course of the propagation. 

In the limit of the infinite «,, the discontinuity of ¢ itself may be realized at the 
origin, f=0 and x=0. From the above results we, in this limit, see that the initial 
discontinuity of ¢ defined in this manner is preserved and propagated along the charac- 
teristic line ¢=0. 

It also seems to be worthwhile to observe the behaviours of the higher order deriva- 
tives, if they exist in the region of negative =. Let us again assume that the region I 
is the vacuum. Differentiating once (3.3) with respect to ¢ and using the same proce- 


dure as applied to ¢., for the discontinuity of d.,(4d..), we obtain 
0 (4d.x) /A7—K, f’ (0) =0. 
Therefore if f’(0) =m°(=constant), we have 
Md. =k, m4 +k, 


in which x, is equal to the value of 4d., at the origin. Hence the value of J0,. is 
just equal to that of the linear equation, 


(T1—m?*) 6=0. (3-2)’ 


One can easily see that if f(d) is the polynomial of the &th order, the higher deriva- 
tives with respect to € coincide with those of the linear equation (3.2)’ up to the &th 
order, and the solution in the neighborhood of the wave front can be well approximated 
by that of (3.2)’. 

It should be noted that this result concerning the higher order discontinuities is valid 
on the wave front being in contact with the vacuum, if there exists a jump of the first 
order derivative, J¢,. However, if all the derivatives up to the mth order (n->0) are 
continuous across the characteristic line, the jump of the (n+ 1)-th order devnutins is 
equal to that of the linear equation (3.2)’. This conclusion is equally valid for an 
arbitrary state in (I), if it satisfies the above restriction. 

As for the more general equation in which f is an arbitrary function of 6 and Q, 
one can obtain the same result provided that the condition f|,.)=0 is satisfied and that 

Q=0 


the singularities of ¢, on the wave front facing the vacuum are considered, because Q 
is equal to ¢. Oy / 2 and vanishes at ¢=0 due to the continuity of d,*. 
The generalization of the above result to the three dimensional propagation is easy.” 


Let the surface ¢=0 be the characteristic manifold which satisfies the differential 
equation 


re ee : 
this paper, the exist i isfyi icities i 

‘ pap 4 xistence of the solution satisfying the necessary analyticities is assumed always in 

the regions under consideration, though it is not obvious 
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Nels (3-5) 


“Te . a Co: oe] Fond . 
Construct the curvilinear coordinates 4:8 and ¢ which are orthogonal to each other. 


In terms of these variables, the equation (3.2) can be expressed as follows. 
26), Ti Oey oasis b+ Hipp Oy ++ Yi 7 hop. brn, tf) =0. (3-6) 


Introducing the transverse differentiation 0/0s*, which is the differentiation along a 
characteristic ray in the characteristic manifold €=0 and is given by 0/ds=¢, 0/Ox,, we 


have, in place of (3.6), 


26:,+ ad, +8=0, (3-7) 

in which @ and f are given by 
Besa; (3-8) 
P= Finy Ong + Din Yew bn, 0, +f ()- (359) 


Let us assume that across ¢=0 both the function é and its tangential derivatives are con- 
tinuous, while the normal derivative ¢, has a discontinuity 4g.. Applying the method 
similar to that used in the one dimensional case and considering the fact that / varies 


continuously across ¢=0, we obtain 


2 046, /0s+adg,=0, (3-10) 
or 
48, =const. exp (—3 a ds). (3 <1 1) 


Therefore the discontinuity of ¢, is propagated according to the above equation which 
implies that it can never disappear. Especially, if at the initial instance t=0, the distur- 
bance is localized within the sphere of the radius 7, the equation of the wave front is 
given by €=r—r,—t=0. In this case one can easily see that J¢, is proportional to 1/r. 

Following the same reasoning as was done in the one dimensional case, one can also 
say that the initial discontinuity of ¢ itself is transferred along the characteristics and can 
never disappear, if it is realized by making ¢, infinite. 

Finally we can conclude that as for the discontinuities across the wave fronts, the 
non-linear equation under consideration has the same character as the linear equation. 

Now, let us proceed to the discussion on the general equation derived from the 


Lagrangian (3.1); 
[16 +2Q4' (g) /A(d) — BG) /AG) =0. 


In terms of the coordinates 7,’s and ¢, Q can be expressed by 


+ Greek subscripts denote the differentiations with respect to the space time coordinates x’s. 
+} Latin subscripts assume values ranging from 1 to 3 and the dummy index is also used. 


* The parameter s characterizes the characteristic ray. 
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Q=F, Vis bn, Get Hep Gin On, On, 
=, be t+ Hin Vku Orn, Pn: 
Hence the equation (3.7) is also valid in this case if the expressions for a and /9 are 
to be modified as follows ; 
= p2G, wits (9) /A(@) 
P=Tn Oy, + Yin Vky. Pn, d,,(1 +2A'(0) A(g)). 
Therefore the discontinuity Jd. can be given by (3.11), provided that A’/A and BY/A 
are finite on the wave front. 
Especially on the wave fronts facing the vacuum ¢, may, in general, be put equal 
to zero, and the results are the same as those previously obtained in (3.2). 
In conclusion, it can be said that in the scalar semi-linear equations derived from 


the Lagrangian (3.1) the discontinuities across the wave fronts do not vanish in the 
course of propagation provided that both A’(0)/A(0) and B’(0) /A(0) are finite. 


§4. The quasi-linear equations 


The discussion concerning the general quasi-linear equation is very difficult because 
their characteristics are not given a priori in the coordinate space but depend on the 
field variables. 

Hence, in this paper, we restrict our discussions to the one dimensional propagation 
and furthermore to the simplified case in which Lagrangian L depends only on Q and 
does not contain ¢ itself. 


Under the assumptions introduced above, we have the following field equation, 
( Wht nd 3) duster BEM hia, agian QL! ak EAS rents 
or in terms of u and v defined by 
u=¢, and v=—4d,, 
we have 
(L)+ 1") u,+ Luv (u—v,) + (L/— Le) vu, =0, (4-1) 
u,+v,=0, (4-2) 


in which L’ and L’’ denote respectively the first and second derivatives of L with respect 
to Q. 
From (4.1) and (4.2) we have the equation for the characteristic direction dx/dt : 
— (L’— Lv") (dx/dt)? — 2 Lu (dx/dt) +1'+L'v=0, (4-3) 


or 
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dx/dt=[wtV (L/L? + (E/E) BAY (L/L) $7. (4-4) 


Corresponding to these characteristics (C-characteristics) in the coordinate space, the charac- 


teristics (/’-characteristics) in the (u, v)-plane can be determined by 
— (L'/L") ((du)?— (dv)*) = (udu—vdv)?, (4-5) 
or 


dv/du=[uy + {(L!/L")?— (L/L) (®— 0) } 2 [e— (L/L). (4-6) 


The equation (4.5) can be easily integrated in the following way. Consider, for example, 
the region characterized by the condition, v>u, then putting 


v=q cosh @, 
u=q sinh 4, 
one can obtain 
Or lig) — (lL) (dg) *, (457) 


in which Q=4 q°, and hence L’ and L” are functions of q alone. 


From (4.7) we finally have the solution 
G+ {— (L/L) + A/D" de, (4-8) 


though the actual construction of solutions in this way is, in general, tedious. 

However, in the case of the propagation of the waves invading the vacuum the 
analysis can be simplified and we can draw some consequences without specifying the 
actual functional form of L. In this case, one may start with the following initial 


conditions at t=0; 
1 aD iz (xO re= Olye fon melx lie a; 


u(x, 0) =u) (x) 


<< 
ed Sa comp FP ell Sty 


in which u,(x) and u(x) are given in such a way that ¢(x, 0) and v(x, 0) are even 
functions of x and u(x, 0) and w(x, 0) are continuously differentiable with respect to 
every x. Suppose that L’(0)*s0 and denote the point (a4, 0) in the (x, ¢)-space as A 

From (4.4) we then have the two branches of the C-characteristics in the neighbor- 
hood of the point A at which there holds u=v=0. Hence, it may be assumed that 
in a sufficiently small region D in which A is included, (c.f. Fig. 2) there exists a 
unique solution continuously extended from the initial values on AB, if we assume the 


appropriate forms of u,(x) and w(x) for a given Lagrangian. Of course it may be 
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considered that for some pathological 
Lagrangian there does not exist any 
solution in the neighbourhood of 
A. However, it is quite obvious 
that there is a large number of L 
to which the above assumption can 
rigorously be applicable. 

It can be seen obviously that 
the region I in Fig. 2 is a constant 
state or the vacuum*, which, by 
means of the formula (4.6) and 
the condition L’(0)*0, is not a 
singular point in the (x, v)-plane ; 
therefore the region / in Fig. 1 
bounded by the two C character- 
istics AA, CC,, and the C-, AC 
issuing out of A, is of the simple 


wave type, which is to be connected 


D , : : 
Fig. 2. The dashed domain denoted by D, the hatched continuously with the region I. 
region is the simple wave zone, 8. The region (I) is Then, throughout this region, /, 
the vacuum. we have the relation u=v which 


leads to the following expressions of the C-characteristics : 

=1 

dx/dt 

=[L' (0) +v°L" (0) |/[—L’ (0) +e°L" (0) }. 
The former equation shows that all C-characteristics are parallel straight lines, making 
the angle 7/4 with the positive x direction. Since along each straight C both u« and v 
are constant, the values of u and v on the line CC,, are equal to those at the point C. 
Hence, in the limit BA (or CC,,>AA,), the discontinuities of u and v occur on 
the wave front 44., which can never vanish in the course of the propagation, preserving 
their initial strength at A. 

Since the Lagrangian is given, we can always define the energy density H which in 

some case, is a preferable quantity to the quantities « and vy from the physical point 
of view. From the Lagrangian (1.1) we have the following expression of H ; 


H=-¢ U/L, 


If L’(0)*0, in the regions where the relation, u=v or u=—v, holds, H does never 


vanish as long as v is not equal to zero. (We can always adjust L in such a way that 


ra : 
The relation u=v=0 means that @= const., hence, 
vacuum. 


5 it does not necessarily mean that this state is the 
Owever, since ¢ itself does not appear explicitly in the field equation, the above constant is 


meaningless and can be put equal to zero without any contradiction to the field equation. Thus the state 
u=v=0 may be regarded as the vacuum. 
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L(0) is equal to zero.) Therefore, in the limit, B—>A, considered above, the disconti- 
nuity of the energy density on the wave front facing the vacuum is also preserved during 
the propagation and characterized by the discontinuity of », 

The solution in the large can also be settled down in the following way. Let us 
assume that the region @ can be well-defined and is bounded by the x-axis and the C7 
and C* characteristics A_P, A,P, issuing out of the two points 4,,(a, 0), and _, 


(—a, 0), respectively. If, moreover, the unique solution extended continuously from 


A O 


Fig. 3. The characteristics and the domains of a, 8 and j. 


the initial data prescribed on the portion between 4, and A_ exists in this region, the 
simple wave regions /*, adjacent to the @ region and the vacuum, can also be well- 
defined ; accordingly, as shown in Fig. 3, in the 7-region covered by the characteristic 
families crossing over the * zones and connected with the vacuum, we obtain the relations 
u=v and u=—v or the solution u=v=0. 

As can be seen from the above proof, the existence of the solution in the large 
is owing to the existence in the a-region which can be judged by using the formula (4.8) 
if the actual functional form of L is given. It should be emphasized that after the finite 
time interval the energy is contained only in the simple wave zones (the progressive 
zones) facing the vacuum and vanishes in the j-region, in other words, the change in 
the spatial distribution of the energy can take place only at the initial stage of the 
propagation characterized by OP in Fig. 3 and after that any spreading of the energy does 
not occur and in this final process the essential character of the solution is not different 
from that of the linear equation derived from the Lagrangian L=Q. 

However, if [L’(Q) ]g<o is equal to zero, as can be seen from (4.4) the vacuum is 
a singular region in which dx/dt is indefinite, hence, we cannot use the above method 


of solution. In such a case, in fact, we have an example” where the initial discontinui- 
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ty in the energy density is resolved immediately, and under the discontinuous initial con- 
dition, we have the continuous distribution of the energy density on the wave front 
facing the vacuum and have the appreciable change in the energy distribution throughout 
the propagation. Finally it should be noted that a Lagrangian, which is dependent on 
a parameter € and tends to the linear one, Q, as € approaches zero (or infinity) , satisfies 
in general, the condition L’(0) <0 and that we cannot expect for such a field to show 
the peculiar features characteristic in the non-linear field. 

As for the non-linear Lagrangian dependent not only on Q but also on ¢, we cannot 
conclude anything. However, it seems to be difficult to expect that the generalization 
in this way acts to resolve the singularities on the wave front facing the vacuum, if 


L]o202%0, and if the vacuum is not the singular point of the differential equation so 
e=0 
modified. For example, suppose that L is given by 
L=L, (Q) +1, (9), 


in which L, is a function of Q alone, and L, is a polynomial of 0. 
From (2.1), the field equation becomes 


Juv buv—9L5/36=0, 


where Jy, is independent of L, On the wave front facing the vacuum, the equation 
may be approximated by the first term, because in its neighbourhood one can expect 
é=0 so far as the continuous solutions are considered. (Of course, we cannot exclude 
the possibility of the occurrence of the shock waves, the discontinuity of ¢ itself, but in 
this case the circumstance concerning the singularity on the wave front becomes much 


worse. ) 


$5. An example 


Let us consider the Lagrangian 


L=&Q+ (1/2) Q. (5-1) 


As was suggested by H. Fukuda,” it seems to be interesting to investigate the solution 
of (5.1) in the limit €—>0 because in this limit we have the condition L’(0) =0 and 
one can expect a solution whose character is essentially different from that of (5.1) with 


a nonvanishing €. Suppose that € is negative and that the initial condition is given as 
follows ; 


at t=0, 
u=0, 
0 for |x|2a+b 
U(x) = ¢ ) v(x) >0 + for a< |x|< a+b (5-2) 
a for |x|a, 


in which v(x) is given in such a way that v(x) is even and differentiable everywhere 
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with respect to x, and @ is a positive constant. 


Introducing the variables X and Y defined by 
X=v—u, .Y=v+4, 
and using the formula (4.8), we obtain the integrals (c.f. § 4 (1)) 
CFX=1 dlong- C~: dt—d_dx=0, 
C'FY =1~along. C*: -dt=d,dx=0, 
where 4, and F are given by 


A, =L" uw {L?— LL’ (2° —u’) TN e+ LOY, 
and 


F=[(3q'+8|E|g?+ 42)? 44/3 @+ (4/)/3) lel 
-[ (3g +8) E|g?+ 46)? +294 2/6], 


with constants of integration C and C’. 


I 


Fig. 4. The region @ and f are composed of the four domains, a7~a@1v 
and the three zones B;~Br77, respectively. The region y and (I) is the 


vacuum. 
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(5 - 3a) 
(5 - 3b) 


(5-4) 


(5-5) 


Employing the same procedure as employed in § 3, (I), we can divide the whole 
coordinate space into the three regions a, 2 and 7, which, moreover, are subdivided into 


a few smaller regions as shown in Fig. 4. Their boundaries and the solutions in these 


regions are given in the following way. 
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(1) a, region 
The solution is 
u=0, v=a, (5-6) 
the boundary line AP is straight, whose gradient A, is given by 
ie = +[ Ba? +2/6|) /(a2+2/E) T*. (5-7) 


(2) a region 
Parametrarizing the coordinate on the x-axis by 


=, one obtains the following ex- 


> 


pressions of C and C’; 

C(F) =u," (¢) FF, (F), 

(5-8) 

C1) =u OF AE) 

in which F,(¢) is defined by 
ge (¢) =|F (u, v) Juno e) 
From (5.8) and (5.3), u and v can be settled down. Since there holds u=v in 

the 8, zone, on the boundary curve CB we have 


—! 


oe 


A= (7+ |€|)/(W—|E]); 


> 


the latter determines the curve CB, showing that at t=0, 4_ is equal to —1, as ¢ 
increases, CB becomes steeper, then parallel to the taxis for y=|&|, and finally, tends 
to lean rightwards, if we assume that v increases monotonously on CB. This assumption 
for the variation of v can be justified in the region in which e(¢) > |€| holds, because 
on CB we have 


V=~Y (§) Fy (€) /2F (u=v) const - vy (F) {const - vy (F) -" +0(€)}. 
(3) The a,,, region 
This region is of the simple wave type, and the values « and ~ can be determined 


from the two equations: C,/FY=1 along the characteristics prolonged from the a; region 
and C(¢)FX=1, prolonged from the @,, region. Especially, on the boundary CD, 


where there holds uv, we have 


v= (1/2) C,/-* F,-? (=constant), 


hence also 
A= (+ (él) /(e*— ||) = (+218 |CBFD /(1—216|CPFY) 


in which F; is defined by [F'],,.,.. Therefore, the boundary CD is the straight line. If 


€ approaches zero, (C,’/ F,)° tends to zero in the order of \€|¥S—1, hence A_ tends to 


zero in the order of |€|Y° Geometrically speaking, according as € tends to zero, the 


curve BC begins immediately to lean towards the right, then C and D leave for infinity 
(c.f. Fig. 4). 
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In this limit, €—>0, both the regions of § and 7 tend to vanish and the a;, region 
spreads over into the whole upper region. The energy density on the wave front reduces 
to € v in the limit 6-0. Therefore it tends to zero in the order of |&|?-’%. This 
final result coincides with that of the equation discussed in § 4 (I). 


It should, however, be emphasized that the point €=0 is the algebraic singularity 
of the solution. 


§6. Concluding remarks 


From the results obtained in this paper, we are discouraged in the attempt to invoke 
the semi-linear equations to resolve the singularities on the wave front facing the vacuum. 

Also, in the quasi-linear equations the circumstances are not improved, so far as the 
one dimensional propagation is concerned and when we consider such Lagrangians that 
tend to the linear one in some limit. 

However, we have investigated, in this paper, the solutions of the initial value 
problems which are continuously differentiable, or are to be obtained as the limits of 
thesegenuine solutions. 

On the contrary if the physical causal development is not considered, or in other 
words if we are not concerned with the initial value problem, one may find other features 
not obtained here. In fact, the solution obtained by Heisenberg” seems to be outside 
the present frame-work and it may be doubtful whether it corressponds to a solution 
representing the propagation of the wave under some physical initial condition or not. 

As was suggested by Koba,” it should also be noted that contrary to Heisenberg’s 
opinion the singularity on the wave front in the nonlinear field has no direct connection 
with the situation whether or not the Lagrangian depends on a constant, other than 
mass, with the dimension of length. 

The author wishes to express his cordial thanks to Prof. R. Utiyama for his advice. 


References 


1) T. Taniuti; Prog. Theor. Phys. 17 (1957), 461. 
2) T. Taniuti; Prog. Theor. Phys. 13 (1955), 505. 
D. B.ohincey , Nouv. Cim. Supplemento 3 (1956), 635. 
D. Blohincev ; Dokl. Akad. Nauk. SSSR, 32 (1951), 553. 
D. Blohincey and V. Orlov; Zu. Eksper. Theor. Fiz. 25 (1953), 503. 
3) R. Courant and D. Hilbert; Methoden der Mathematischen Physik. Julius Springer (1931), Bd II. 
Chap 5. 
4) R. Courant and D. Hilbert; Loc. Cit. Chap. 6, § 3. 
5) Private communication. 
6) W. Heisenberg; Zs. fiir Phys. 1383 (1952), 79. 
7) Z. Koba; Prog. Theor. Phys. 17 (1957), 288. 


542 


Progress of Theoretical Physics, Vol. 20, No. 4, October 1958 


Indirect Coupling of Nuclear Spins in Antiferromagnet with 


Particular Reference to MnF, at Very Low Temperatures 


Tuto NAKAMURA 


Department of Physics, Kyusyu University, Fukvoka 


(Received June 16, 1958) 


Indirect coupling of nuclear spins through hyperfine interaction with spin waves is discussed in the 
case of antiferromagnet at very low temperatures. The line width of the F!* nuclear magnetic resonance 
in MnF. at 1.4° K observed by Shulman and Jaccarino (~14 oe) proves to come mainly from this 
coupling. The line width of the Mn resonance in MnF2 is also evaluated to be about 600 oe. 


§ 1. Intreduetion 


During the past few years, observations of the nuclear magnetic resonance of non- 
magnetic ions in paramagnetic iron group fluorides have been reported,’’*’*” and very recently, 


Shulman and Jaccarino” 


observed the F™ nuclear magnetic resonance in the antiferro- 
magnetic state of MnF,. According to their preliminary report, the resonance at 1.4°K 
is Gaussian in shape with a width of~14 oe. This width is too large to be explained 
from the nuclear dipole interaction, whose contribution is only 6 oe* in the presence of 
the magnetic field along the c-axis. 

As was shown by Moriya” and Kranendonk and Bloom", the spin lattice relaxation 
time T, becomes longer and longer with decreasing temperature. In actuality, Shulman 
and Jaccarino found T, to be about 20 sec at 4.2°K. In sucha temperature region, the 
thermal motion of the electron magnet is therefore no longer effective for the width of 
the nuclear spin resonance. 

Thus, we are compelled to consider an indirect coupling of nuclear spins through 
hyperfine interaction to account for the line width mentioned above. The physical 
meaning of this indirect coupling is the following: a nuclear magnet polarizes the 
electron spin component transverse to the direction of the sublattice magnetization through 
hyperfine interaction and another nuclear magnet sees this polarization of the electron 
magnet again through hyperfine interaction. In the language of spin waves, this process 
can be stated in the way that the first nucleus virtually excites a spin wave and the 


second nucleus absorbs it, both through hyperfine interaction. In this way, the two 


* . . . 
Though Shulman and Jaccarino write that the observed width can be explained by the nuclear dipole 
Interaction, it appears that they committed computational errors. 
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nuclear spins become coupled indirectly. This is similar to Ruderman-Kittel’s indirect 
coupling” between nuclei in the metal in which case the conduction electrons play a 
similar role to that of the spin waves in our case. A difference in the two cases is 
that, while the former indirect coupling is isotropic, the latter one is strongly anisotropic 
depending on the direction of the axis of the sublattice magnetization. 

This coupling will naturally be of a long range character, because if the polarization 
of the electron magnet were localized in a small region, it would bring about a consi- 
derable promotion of the exchange energy. On the other hand, however, there exists an 
anisotropy energy in the electron spin system, and this energy makes the localized. polariza- 
tion more favourable. Therefore the range of the coupling is determined by the com- 
petition between the exchange energy and the anisotropy energy. In actual case of Mn 
F,, the range will extend over a few atomic distances. 

In his preliminary report, Suhl” presented a theory of the indirect coupling of 
nuclear spins in ferromagnet. His mechanism is essentially the same as ours, but the 
line width formula given by him is not very accurate. The present study was done 
independently of him. We shall calculate the line width of the F” nuclear magnetic 
resonance, as well as that of Mn” although Suhl also gives a rough estimate of the 


latter. 


§ 2. Indirect coupling between nuclear spins and the line width 


of nuclear resonance of magnetic ions due to it 


Our problem is to discuss the electron spin system perturbed by the hyperfine interac- 
tion, whose perturbation depends on the nuclear spin state. We shall study this problem 
by the use of the spin wave technique”. For the sake of simplicity, let us consider a 
case where we can divide the magnetic lattice into two sublattices in such a way that 
each lattice point belonging to one sublattice of up spins is surrounded by lattice points 
belonging to the other sublattice of down spins. Let us denote these two kinds of lattice 
points by j and k, respectively. We shall further introduce creation operators of spin 
deviation, 4;* and b,*, by S5=S—a,*a, and S;=—S+6,* b,, in which S,(Sj, 5¥, 55) is 
the spin operator of the j-th lattice point. Then, S7=S5+i54 and S#=Si+15; are 
approximately written as Stay 2S° dy, S717 28 a,*, Sit =7/ 28 b,* and Ss=V/28 by 
respectively. 

We shall take the unperturbed Hamiltonian of the electron spin system as 


Hy=2J 318) Si-1/2- S)*4+ 3 (SD), (1) 


where J denotes the exchange integral reversed in sign and K the anisotropy constant. 
If we rewrite (1) in terms of the spin creation and annihilation operators, the terms of 
order S will represent the spin wave Hamiltonian, which will be taken anew as our ap- 
proximate unperturbed Hamiltonian. Let us then introduce the Fourier transformed 


annihilation and creation operators by 
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ey ag x 
Swank exp (—iAj), (2) 


Cat ve = 
b= /+> b, exp (i 4 k) 


: : ‘2. 

and their complex conjugates. Here N denotes the number of magnetic lattice poi ts 
j ji / n 4 

belonging to one sublattice, 4 a wave vector, and /j or 4k a scalor product betwee 


and lattice vector j or k. Then we have 


Hy =2JS >} [7o(1+ 4/2) (a,* 4,1 ,*6,) 
x 


+7, (a, b,+4,* b,*) y? (3) 
where 


f=, exp (i Ap), (4) 
Pp 


p. being a vector drawn from a magnetic atom to the nearest neighbouring magnetic atoms, 
and 


#=K/y, J. (5) 
The diagonalization of (3) is well-known. The result is as follows : 
H, =>) 6 w,(@* a,+8,* A), (6) 
a 
where 
ben = 27, SV (1/7)? +; #1, (6a) 


and new coordinates a, and (3, satisfying commutation relations [@,, @,,*]=[9,, 9.*] 
=9y37, [@; Bry |=[a*, §,,*|=0 etc. are defined by 

a,=cosh @, a,+sinh @, 2,*, 

b,==sinh, 6, @,*+-cosh 8, Ay (7) 
with 

tanh 20,=—y7,/y7,[1+ £/2]. (7a) 


Let us look for the indirect coupling of nuclear spins which belong to the magnetic 


atoms. Our perturbing Hamiltonian arising from the hyperfine interaction is then written 


F'=A>5 Pett (8) 


where A denotes the hyperfine coupling constant, which is assumed to be isotropic, and 
I, the spin operator of the nucleus of the n-th magnetic atom. The zcomponent of 
(8) is almost ineffective to polarize the electron spin longitudinal to the direction of 
sublattice magnetization at very low temperatures. Confining our attention to the trans- 
verse component only, we write (8) in terms of the normal coordinates defined by (2) 
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and (7), and obtain 
H’= a AS) (cosh 6, I, +sinh 0 Ira 
NON ra*d ASA) & 


+ (sinh @, If + cosh 0, Ji) &,]+c.c., 
where 
Fy =>) Tf exp (—i4 jf), Ju =D) Ty exp GA 4) 
j P 
are the Fourier transformed operators of [+=[’+i1”. 


The second order perturbation of (9) gives 


1 1 ib 1 
AS ay + JT- P— T+ 
2 N 2 aie | 2 cosh 20, (TF 1G + i i 


4JE=— 


+Jx Jx +Jx Jk) +sinh 26, Uf Jy +Iy Jt) 
—Sn+ Sul 
j 
whence an effective Hamiltonian of nuclear spin system follows : 
Hee =1/2- D305)? + 31D") 
j 
pues Biy TF Tp +1y Tj) 
j>jt 
—1/2->) Bure Totty Th) 
KDR? 
2) Cujo le crs. Le 
ds 
Here D, By, and Cy, are respectively written, using (6a) and (7a), as 
Av 1 i 
-“ 23 pipes 
ZV UL UN ate lee Pali) ae | 
Boe ete yee TO 
oy tae a = J n/ fa) 
— Bol Sy _Gi/to) cos A(j—*) 
eae Set, ae! _, 
27aJ N > [1— (72/%)? +4] 
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(9) 


(10) 


(11) 


(12) 


(13a) 


(13b) 


(13c) 


In (12) we neglected terms leading to shift of the resonance frequency, because they are 


small compared with the corresponding terms arising from the longitudinal part of (8). 
It will be interesting to look into the range of the indirect coupling thus obtained. 


Namely, we shall find an asymptotic expression Of B,), torslarge. 1==/—j’: 


ieee cos Ar 
n=— > intas PT 
FON TE Galt +4 


If we put 


(14) 
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the contribution of the summation over / to f(r) for large r will predominantly come 
from a region of small 4, So we may substitute 


Sig ad Swe x 


into (14), where a is equal to 1/3 for the simple cubic lattice and to 1/4 for the body- 


centered cubic lattice. Thus we get 


f= — exp (—xr), (15) 


47a 


in which e=4/,/a. This equation is essentially the same as that given by Suhl. 

However, it will not be satisfactory for the calculation of the actual line width to 
use (15), because the contribution to line width must come from the nuclear spins which 
are within a range of 1/« and the asymptotic expression (15) breaks down. 

Let us then find an expression for the line width from (12). Now, a nuclear spin 
belonging to one of the sublattices is subjected to a local field which is different from 
that belonging to the other sublattice and hence I; J; must oscillate with a high fre- 
quency. Accordingly, k(j)-th nuclear spin will not induce any important fluctuating field 
on the j(k)-th nuclear spin in a Larmour cycle of the latter. This situation is com- 
pletely the same as that in Van Vleck’s theory of the exchange broadening for nuclei 
with two different kinds of moment.'” 


Thus, our Hamiltonian for the line width effectively reduces to 
Aer = ag By (Ty - Ly — B05) +1, 2-DS)(T5) (16) 
j>j j 
The second part in the right-hand side of this equation is of the quadrupole type, which 
is effective for the nucleus of spin quantum number larger than one half and is com- 


parable in magnitude with the first part. If we neglect this quadrupolar term for the 
moment, the second moment formula of Van Vleck leads to 


< (bde)? > ay= (1/3) TI+-1) 8} By? (17) 
Pld 


Substituting (13b) for B,,, and using 


2 c0s.A(j—=j) cos 4’ (j—j’) =N0d,,), (18) 
we have 
FIER Az \2 
< (64@)*> y= (1/3) TT+1 : 
AY / )( ay? be (19) 


ee te a 
N 3 L1— (ra/ro) ? + # FE (19a) 
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$3. Line width of the F" nuclear magnetic resonance in MuF, 


The line width of the F" resonance at very low temperatures can be calculated in the 
same way as in the preceding section. Indirect coupling in this case occures by the 


following mechanisms : 


(1) Combined actions of Mn®—Mn~~ and Mn*~—F" hyperfine interactions. | (Mn™ 
and F™ stand for the respective nuclei and Mn*~ for the electronic spin.) 

(2) Combined actions of Mn®—Mn** hyperfine and F"—Mn** nuclear-electronic 
dipolar interactions. 

(3) Combined actions of F’°—Mn**—F" hyperfine interactions. Both processes (1) 
and (2) lead to Mn®—F” indirect coupling, and (3) to F'°—F" indirect coupling. In 
any case, however, the coupling is of the form I;J7, and hence the coupling between 
nuclear spins with different local fields or different magnetic moments cannot give any 
fluctuation which leads to line width.*? 

Let us now confine our attention to the 
coupling arising from the third process. The 
crystal structure of MnF, is of the rutile type 
as shown in Fig. 1 with the magnetic super- 
structure found by Erickson and Shull" is also 
shown. 

In this figure, F~ designated by 1 is surrounded 
by three Mn**’s. It has been shown by 
Tinkham™, in his paramagnetic resonance ex- 
periment of Mn** diluted in ZnF,, that the 


Fig. 1. Crystal structure of MnF, with a= hyperfine coupling constant between these three 
4.8734A, c=3.3103A and u=0.310 (ref. 18). Mn** 


ions and the central F~ are approximately 
equal in magnitude. It has also been pointed out by Bleaney’” that Tinkham’s experi- 
ment is consistent with the nuclear resonance of F” in MnF,. Thus, F” 1 is subjected 
to a local field arising from two up spins and one down spin, and hence the net local 
field is from one up spin. The situation is the same for F~ 2. On the other hand, 
those designated by 3,4,5 and 6 are each surrounded by two down spins and one up 
spin and hence these are all subjected to the net local field from one down spin. We 
are therefore to look for the indirect coupling among nuclear spins of the same type, 
such as 1 and 2. These F” of the same type are on the set of planes parallel to 
(1 —10). One of these planes is drawn in Fig. 2, where the j-th F~ is surrounded by 
the j;—, j2— and j,—th Mn*~*’s. Assuming the F'°—Mn** hyperfine interaction to be 


isotropic, we can write our perturbing Hamiltonian as 


j 
* In the second mechanism, we shall obtain the coupling of the forms I;*J,*, 1;* I,* ard their 


complex conjugates, but the conclusion remains unaltered. 


548 T. Nakamura 


Fig. 2. The ion arrangements on a plane parallel to (1 —10). The F~ ion is designated by open circle 
and the Mn++ ion by black circle which includes the corner ion with down spin and the centered ion 
with up spin. A F- ion is surrounded by three Mn*~’s forming a triangle. Note that a corner ion 


belongs to two triangles. 
Let ~, and 7, be vectors defined by 


Do. (21) 


Si—-fs—Pe J:— Fz 


Resolution of the transverse component of (19) into normal coordinates gives 
A’ =,/ —_AS}| { (expli 4 o,|+exp|i 4 9.]) cosh 4, +sinh 4,} 
Nan ; 
X (1 Ty exp Li 4 jg|) a, + { (expl—i 4 »,] + exp| —iZ 9]) sinh 4, 
j 
codhel i Sil exp [—i2A) A, [+e (22) 
j 


The indirect coupling between nuclear spins can be obtained in the same way as in the 


preceding section : 


Ae =— (1, 2)>3 Dy T3515 +1515), (23) 
g>gt 
, Sik cont hewn iy | 
D,, = AS. — Ss Is /3 ! ol—n \ 
id N = ‘a L{3+2 cos A(p, Ps) } 
X cosh 24, +2 (cos 40,+ cos 2.) sinh 20, }. (23a) 


With the help of (18), the second moment is obtained from (23) as 
°o a h Ae 2 
& (bo)* > wa 21041) f. 24 
3 ( 270 J ) oe 


In applying (18), the summation over j’ in (23) is replaced by that over j,' running 

over the Mn** sites with down spin, in which a lattice point js. belongs to two triangles 

(cf. Fig. 2), and hence a factor of 2 should be taken into account. f” is defined by 
fe 


=. 2 : [{3+2 cos 4(0,—/,) } 
NX Do Galy)i+ ae ae 


+2 (cos Ap,+c0s A) (7/7) F (24a) 
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Denoting the components of / by /,, 2, and 7,, we have 


cos A (0,— Ps) ==€05 4,, cos 20, = cos {1/2 . (A, +4,+4,) \, 


cos /p=cos {1/2- (4, +4y—4)}. (25) 


$4. Numerical evaluation of the line width. 


1) Evaluation of integrals f(0), f and f’. 


It is necessary to evaluate f and f’ defined respectively by (19a) and (24a). In 
the body-centered cubic lattice, we have 


: v, } ie 
(Vy Poates = Cos cose. (26) 


With this form factor, f(0) defined by (14) is evaluated as follows : 


nti OEE Coad bal, ads 
f= aay NNSa- afro 


0 


ne \ F(% agit —— cos f di, (27) 
2 Jo Day a7 2 


where F( =, k) is a complete elliptic integral of the first kind with modulus 4. In the 
same way, 
fio Ew (28) 
f =32—103F,— 40F,+ 16F, 
+ 41E,+56E,+16E,—32G, (29) 


where we neglected higher order terms with respect to 4’, on the assumption that Ae) 
F,, E, and G are defined by the following : 


mei , ie 
= 44 pee cs jit cos - -)eos" Edi’ (30a) 
TJo ‘2 yi+tZ 2 2 


n 


mess 1a 7 \ 1 ‘ 7) —1 
E,=~,\ E(- a, me COs — \2- — cost | 
x? Jo 2 yv1+f7 p2 1+ 2 


» cos" di, (30b) 


ae \ vei el \ AY 3 
a {1— - : cos” ~ E( S saecaanc cape cos a sec’ —d/. (30c) 
PEP TP ae 2 2 
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E( a ; k) is a complete elliptic integral of the second kind with modulus &. Evaluation 
2 


of (27), (28), and (29) were performed by numerical integration for three values of 
4. The result is given in Table 1. 

As 4 decreases, F,, tends to a finite value. The limiting value of F, has been 
estimated to be 1.3932 by Watson.” Since E,, increases with decreasing J, we can 
neglect F,, for very small 4. Further, some inspections tell us G@E,~1/zd4 for 4€1, 
giving asymptotic expressions for f and f’ 


fk ee (31) 


; ; ; al 
But, these expressions are unable to give accurate enough values of f and especially f’ in 


the region of J>0.2. 


2) Line width of the F'° resonance in Mn(F'’) .. 

As was pointed out, the F"—Mn** hyperfine interaction is isotropic and three 
couplings of a central F'’ with its surrounding Mn~~’s are nearly equal in magnitude. 
Based on Tinkham’s study, Shulman and Jaccarino” estimated A to be about 16X10~* 
cm™', excluding dipolar contribution. 

An ambiguity might arise from our estimate of the exchange integral J. Since there 
is an evidence that the super-exchange interaction between two neighbouring Mn°~ along 

the c-axis is approximately equal to that 


Table I. Numerical values of {(0), f and f” com- 


between t i ing i 
puted for three values of 4. er wx gaee « “—— along the 
6) 


body-diagonal direction, 


we may assume 


4 ii (0) : iis | i the number of neighbours effective for 
0.100 leas 3.94 216 the Neel temperature to be 7*,— 2. Using 
0.179 | 1.28 2.65 118 kT y= (2/3) (7, —2) JS(S4+-1) with 
0.224 1,27 2.33 93 Ty=67°K (Stout-Adams"’) , we estimate 


7.J to be 2.1X10~™ erg. 

We have next to estimate J defined by (5). The magnetic anisotropy of MnF, 
has been studied experimentally in great detail by Stout and Griffel.') From their result 
Keffer” has concluded that the magnetic anisotropy of MnP, dominantly come from 
magnetic dipolar interaction. His conclusion might appear to modify drastically our unper- 
turbed Hamiltonian. It cannot be so actually, since the magnetic dipolar interaction in 
antiferromagnet proves to bring about nothing but the anisotropy term similar to that 
introduced somewhat phenomenologically in the present paper.” Our final result will 
therefore not suffer from any appreciable modification by introducing a more realistic 
Hamiltonian. Keffer estimated the effective exchange field H, at O°K to be 5.4X10° 
oe from perpendicular magnetic susceptibility and the effective anisotropy field H, to be 
8.8 X10" oe. These estimates give the antiferromagnetic resonance frequency which is 
in good agreement with that observed, i.e. within ten percents." As easily shown, H,= 
27) JS/9 4% and H,=KS/gy,, and hence we have 4=,/2 (H,/H,)'?=0.179. Tt aad 
be noted that 7,J estimated from Keffer’s H x is in agreement “within ten percents with 
that derived from the Neel temperature Ty. 
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The second moment of F'" resonance line -is finally estimated to be ( (bdw)?) 4) = 
1.8X10™ erg. It corresponds to a maximum slope separation of the absorption curve 
of 13.6 oe (7 meb=2.655X107% e.m.u.), which is in excellent agreement with the 
observed line width of~14 oe. Perhaps this agreement is rather fortuitous, because our 
spin wave Hamiltonian is not realistic in view of the presence of an exchange interaction 
between two neighbouring magnetic ions along the c-axis besides that between neighbours 
along the body-diagonals. But the order of magnitude may be sure. 

As is pointed out in § 1, the nuclear dipole interaction gives only a small contribu- 
tion to ((bdw)*)>. In the presence of a static magnetic field along the c-axis, a calcula- 
tion gives 


( (b4e)*) sy=3.1 X 107* erg? for F—F" (from the homo-type F"") *? 
Ot .: F"—F" (from the hetero-type F'”) 


EMR Ce FY —Mn”™. 


Here we may note that the contribution coming from the hetero-type F'’ and Mn™ 
nuclear spins is to be calculated with the use of the Van Vleck formula with different 
magnetic moments. This leads to a reduction by a factor (2/3)° and we see that the 
nuclear dipole interaction contributes to ((64)w*) only about one fifth of that computed 
from the indirect coupling. 


3) Line width of the Mn® resonance in Mn” F,. 


The nuclear spin of Mn’ strongly interacts with its host electron spin. According 
to Tinkham, the 4-value is 96 oe in units of 7%, which corresponds to 9.0 107%°cm™. 
Using (19), (19a) and Table 1, we have ((bdw)*)'?=2.1X10" erg. It is larger 
than the corresponding value for F’” by a factor of 10. The maximum slope separation 
of the absorption curve for Mn’° resonance is thus estimated to be about 600 oe (7'y,,,% 
b=0.70X10-* e.m.u.). If we take into account the part of the quadrupole type, the 
line width become larger by about ten percents.**? 

The large predicted width of the Mn” line would make it impossible to detect the 
Mn” resonance. The large difference for the Mn™ width from that of F'’ comes mainly 
from that the hyperfine constant 4 of Mn'*—Mn” amounts to six times as large as 
that of Mn** —F”. 

Although we have yet no observation of the NMR of the magnetic ions in antiferro- 
magnet, we may give here the formula of the second moment for the case where J<1. 
It is written 

ste ZPD) fier > 
( (ber) *)av + 1)( “8 ) ig : ) 


* The writer is indebted to Mr. O. Nagai for his some inspections. 
** The value of ((/4w)*) arising from the quadrupolar part is 


(1/10) (22—1) (I+3/2) (42/210 J)? f2() ~1.4X 10-# erg?. 
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i i i i etic 
where «, denotes the antiferromagnetic resonance frequency when there is no static magn 


field : bo, = 2Sy/ 74 JK. 


§ 5. Conclusion 


In Table 2, our numerical results are tabulated with some experimental values used. 
Throughout the present paper, we confined our study to the region of tener ans far 
below the Neel point. With increasing temperature, the neglected longitudinal part would 
become effective and the indirect coupling would approach to being isotropic, in the form 


L,-I,. Then, the contribution from the homotype nuclear spins to the line width would 
diminish on the one hand, and that from 


Table. 2. Summary of the results with some nu- the hetero-type nuclear spins increase on 
merical data used. the other hand. In the temperature 
A (Mnt+ —F!9) 3.2X 10-19 erg region where such effects become appreci- 
A (Mn** —Mn™) Lege, Se able, however, the spin-lattice relaxation 
* J ale inn time would be sufficiently short and 
(AED)? avi? ©) care: gales would cover the effect of the indirect 
((4H)2)av¥2 (E19) ons. ~ 7.0 0e coupling. 

<(4H)*) avi? (Mn™) cate. _—~300 oe The writer is indebted to Mr. S. 


Tosima and other members of our group 
for their helpful discussions. He also wishes to express his coordial thanks to Prof. T. 


Nagamiya of Osaka University for his continual encouragement. 
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The quasi-chemical equilibrium, or pair correlation, approximation to statistical mechanics is 
written in terms of second-quantization formalism. This involves an entension of the original theory 
to include an Ansatz for off-diagonal elements of the density matrix. The formal expressions 
involve “labelling operators” acting in a purely formal Hilbert space. These labelling operators 
obey Bose commutation rules for correlations between even rumbers of particles (e.g. pair correlations) , 
Fermi commutation rules for correlations between odd numbers of particles. The labelling operators 
provide an algebraic way of formulating the restriction to certain types of “graphs”. We also show 
how to include higher-order correlations into the Ansatz. 

The main results of the original theory can be derived more rapidly with the new formalism. 
However, certain correction terms obtained earlier are shown to be in error, necessitating a reinvestiga- 
tion of the nature of the condensation phenomenon. This re-investigation is carried out in two 
following papers, and proves to lead to no essential modifications of the previous results. 

The correlation matrices which enter into the Ansatz need to be related to the Hamiltonian of 
the system, and to the thermodynamic variables which define its thermodynamic state. A variational 
formulation is developed for this purpose, but no explicit calculations are carried out in this paper. 


$1. Introduction 


The essence of the quasi-chemical equilibrium approximation”? is the replacement of 


the true (not normalized) density matrix 
UC =exp (8uN—/H) (1-1) 
by a certain definite functional form which is built up from two basic operators : 
1) A single-particle Ursell matrix ¢k|U,|k’>, 
2) A pair-correlation Ursell matrix (k,ky|U2|k,ky’ >. 


The functional form chosen for ({ was given implicitly in reference 1), by writing 
te a , 
down a definite expression for the trace of the matrix ({ in terms of the basic Ursell 


* On leave of absence from the Research Institute for Fundamental Physics, Kyoto University, Kyoto, 


Japan. 
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matrices U, and U;. This trace defines the grand canonical potential Y of the system 


through the relation 
exp (— 2) =Trace Ul. (1-2) 


The remainder of reference 1) was devoted to carrying out the reductions necessary 
to obtain a useable expression for (1-2) in terms of properties of the basic matrices 
U, and U,. Under certain reasonable assumptions about these properties, it was shown 
that one may expect a condensation phenomenon similar to Bose-Einstein condensation of 
the ‘“ quasi-molecules ” which appear naturally in the formalism (as eigenfunctions of a 
matrix U, related to U,). It was conjectured that this condensation does in fact occur 
in some metals, and is responsible for the transition to the superconducting state. 

This paper is devoted to improving and elucidating the formalism in several ways : 

(1) The definition of the functional form chosen for i{ in terms of U, and U, 
was incomplete, because only the diagonal elements of the operator t( enter into the 
trace. We are therefore free to choose the off-diagonal elements of t{, and each such 
choice defines an “‘extension”’ of the quasi-chemical equilibrium theory. In this paper, 
we give such an extension, which allows particularly simple formal expressions and is, we 
feel, a “natural ”’ extension. 

(2) The restriction to pair correlations only is probably quite sufficient in most 
cases; after all, the much more extreme independent particle model, which results from 
this theory by setting U,=0, is known to describe most metallic properties very well 
indeed. Nevertheless, it seems desirable to show, at least in principle, just how higher 
order Ursell matrices U;, U,,--- can be taken into account by a natural extension of the 
formalism. This is done in section 5 of this paper. 

(3) The simple formalism developed here allows a quick rederivation of the results 
of reference 1). This is done in sections 3 and 4, with the aid of a formalism deve- 
loped by Dyson” for the discussion of spin waves. We recover the results of references 
1), with one exception: the higher order correction terms given in Appendix II of that 
reference are in error, due to a wrong combinatorial factor. This makes no difference 
above the transition point, but it does necessitate a re-investigation of the nature of the 
transition. This re-investigation is the subject of subsequent papers in this series. It 
suffices to state here that the essential conclusions are unchanged: the transition is in 
all respects similar to the ordinary Bose-Hinstein condensation. 

(4) In order to define the approximation completely, it is of course necssary to 
give some prescription for constructing the Ursell matrices U, and U,, given the Hamil- 
tonian of the system, the chemical potential 4, and the temperature T= (k)~'. The 
prescription given in reference 1) was the simplest possible choice, defined as follows : 
Let H, be the part of the Hamiltonian H in the one-particle space (H itself is given 
in second-quantized form, for any number of particles). Similarly, H, is the projection 
of H onto the 2-particle space. Then U, and U, were defined by : 


ee U,=exp(— 8H,) (1-3) 
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U,=exp(—H,) — exp (7H,) X exp (—/H,) (1-4) 


where the cross XX denotes the direct product of the two single-particle operators. If 
we choose the states |k) so that U, is diagonal (this is not a restriction in principle) , 


the matrix elements are 
CRIO,|R) = Oy exp (— fE,) (1-3 
Ryko U,|k,/ke > = Chiko |exp (— PFA,) |hy’ko" > =O rst reohat exp[—/7 (Ex, + &,) | sen (14) 


However, there is no reason to believe that the “ best ”’ single-particle Hamiltonian 
in the many-body system is just the Hamiltonian H, of a true single particle, without 
any other particles around. In other words, we expect to find an “effective mass” or 
even more complicates expressions for the “best”? H,, in analogy to the work of Brueckner 
and other”. Indeed, the theory should reduce to the usual approximations fo: the ground 
state of the many-body system (Hartree-Fock, Brueckner, or extensions thereof), when 
we go to the limit of zero temperature. At finite temperatures, we expect our “best” 
H, and H, to depend not only on the density of particles, but also on the temperature 
itself. 

It has been found” that the choice (1:3), (1-4) does indeed lead to physically 
unreasonable results. A better method of specifying U, and U, is therefore needed. In 
this paper we show how this can be done in principle, by means of a variational approach. 
In the case of the independent particle approximation (U,=0) the variational calculation 
has been carried through completely by Husimi”, and provides a natural extension of the 
Hartree-Fock method to statistical mechanics. The corresponding calculation for the quasi- 
chemical equilibrium theory is much more complicated, and has not been completed as 
yet. 

It should be noted that the states labelled ““k” in this formalism need not be 
bare-particle states, but can be thought of as effective-particle states. It is well known” 
that a considerable fraction of the effect of actual correlations between the bare particles 
can be taken into account by altering the zero-order Hamiltonian of the system. This 
should of course be done before introducing the pair correlation terms U, into the density 
matrix of the system. That is, the U, matrix is meant to encompass those additional 


effects of pair correlations which are impossible to include by any independent particle model. 


§ 2. The functional form of the density operator 
The diagonal elements of UC were defined implicity by equation (3-7) of reference 
1). We write, as usual : 
Trace U( agit z* exp(—BFy), (2-1) 
where the “activity” z is related to the chemical potential / by 
z=exp (/3/4) (2-2) 


and exp(—fFy) is given by equation (3-7) of reference 1). We can rewrite the result 
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quite naturally as a sum of terms, each term giving the contribution of a combination of 
- 3 *. 

N, “single particles” and N, “pair correlations ” as follows* : 


: 7 +1)" 
fa Soo See 
N, No 


pe No 
ky ky, m-may, P N,!N,!2 


x Chy|ZU, |b Ry] Ui [ho Cv Ui | bY 


SrA Bie Ses © 
x Cm,m\2U,| mi my > ++ Cty 1Myyq| ZU Mx 129 )- (2-3) 


The permutations P transform the set of N,+2N, indices k,,---, mz, into the permuted 
indices k/',---, mfy, All these permutations are merely an expression of the exclusion 
principle, and there is a much neater formalism, that of second quantization, to deal with 
systems obeying the exclusion principle. In this section, we shall therefore attempt to 
construct an operator ti in terms of second-quantized space, such that the trace of tu 
is indeed equal to (2-3). 

We do not lose anything in generality, and we gain in simplicity, by choosing the 
basic states |k) so that U, is diagonal. Since the activity z always appears coupled with 
U,, we define the set of numbers uv, by 


Ck|ZU,|k’ ) =O pn,tty « (2-4) 


The 1, are of course functions of z and temperature. Jf an “equivalent single-particle 


energy spectrum ’”’ €, exists, then we have 
u,= Zz exp (— E,) =exp 3 (—E&,). (2-5) 


Conversely, we may consider equation (2-5) as the definition of the energy spectrum &,. 
In that case, however, these energy levels €, may turn out to depend on temperature 
and (or) on the chemical potential. 

As a first step let us assume U,=0, i.e., the independent particle approximation. 
In that case it is easy to see that an acceptable operator is obtained by supplying a 
factor u, for every “‘ occupied’ state k, and a factor 1 for all the unoccupied states. If 
we denote the independent-particle density matrix by (*, we therefore have 


UF 11 (up) IT (ug) #P**, (2-6) 
k k 


The operator (° is diagonal in the occupation-number representation. The operators 


a; and a, are the usual creation and destruction operators, with the anti-commutation rules 
j % a 
lays giths oD (2-7) 
To see the correspondence with (2-3), note that N,=0 is now the only possibility ; 
2 > 
furthermore, we may omit the sum over permutations P provided that we restrict the 
sum over k,, k,,:++, ky, to sets in which no index & occurs repeatedly. The factor N,! is 


then cancelled by the number of ways in which the indices k,,---, ky, can be made to 
agree with a given pre-assigned “ configuration ”’. 


* The factor 2%, was omitted from equation (3-7) of reference 1) by mistake. 
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When pair correlations are included, ive., when U,#0, the appropriate formulation 
becomes less obvious. We shall first write down the final expression and then verify 


that it gives the trace (2-3) correctly. We decompose the correlation matrix U, as 
follows : 


oR Re 


U; 


hy/he! = D7 my (ky, hy) wE (hy, hy!) (2-8) 


Such a decomposition always exists, in fact there are infinitely many of them. In order 
to define the set of functions w, uniquely, we would have to impose an additional re- 
quirement (e.g., that they are mutually orthogonal). However, it is neither necessary 
nor desirable to restrict the set w, at this stage; we shall find the freedom of choice of 
the w, extremely useful later on. 


We then use the functions ,(k,, k:) to define second-quantized operators W, by 


W = 2Ce 3 We (ki ky) Aj Ang « (2 7 9) 


a—— 
hike 


If w.(k,, ko) is not antisymmetric to start with, (2-9) selects its antisymmetric component. 
Next, we define purely formal “labelling operators’ 4, which operate on a separate 


Hilbert space, and obey the commutation rules 


[A,, 43].=0, [4,4 4). =[4i, 4]. =0. (2-10) 


A state in the formal space is defined by the set of numbers N, which are eigenvalues 
of th operators 4;A,. The vacuum state has N,=0, all a. We denote by w the 


projection operator onto this formal vacuum state. Finally, we define the operator Q by 
Q=W AL. (2-11) 
Then the density matrix ra of the system in the quasi-chemical equilibrium, or pair correlation, 
approximation is given by: 
CU =o exp(Q*) U exp(Q)o. (2-12) 


In order to establish this Ansatz, we must show that the Trace of (2-12) equals 
(2-3). Rather than doing this for the general case at once, let us consider the special 
case in which U, is separable, i.e., the sum (2-8) can be reduced to one term. The 


extension to the general case is then an easy matter. 
We therefore drop the index a. Expansion of the exponentials in power series gives 


l= 3} (NIM) 0 (AW*)*D (AW) Mo. (2-13) 


NW i=0 
We now observe that the commutation rules (2:10) imply the operator identity 


wa” (At) *“w=0yx yNlo. (2-14) 
Substitution into (2-13) gives 
of od sa (N!) Ty) (W i) vi Vr = a (N!) SU as (2 : 15) 


where 
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Oyv= (Wt) UW". (2-16) 


We are now to take the trace of (2-15) over the entire space, including the formal 
Hilbert space which we have introduced for the A-operators. clei the oe wn Aa 
projection operator w over this formal space is clearly unity; using the sine 
to denote the full trace operation, and Trace to denote the trace over the physical Hilbert 


space only, we therefore get 


TRACE t(= >} (N!)~ Trace Oy. (2-17) 
N=) 


We note that the operator (Ux, (2-16), commutes with the number operator 


ieee tee (2-18) 
k 


“ sy ¥ 
The factor W™ destroys 2N particles, U' preserves the number of particles, and (W~) 
creates 2N particles. 
Let us evaluate the trace of the operator @y. We write 


Trace Uy=Trace(W *)*UW*=Trace VW *(W~)*. (2-19) 


Let us consider a typical diagonal element of the operator on the extreme right in (2-19), 
for the configuration in which the states k,, k.,---, ks are occupied, all others empty. The 
operator (1° acting on this state gives rise to the factor Ux¥j°°"¥z.- The other operator 
is equal to 


a a) eee = PS 2-"y (m,, my) w (Ms, m,) (My 1, my) 


My MeN mM /--maN/ 
, , ' ’ 
X w™ (m,', my) ---w* (myy_,, my) 


ee A Ree Me ae . (2-20) 


The diagonal element of this operator in the configuration {k,:--kx} vanishes if any of 
the m’s agree with one of the &’s; furthermore, the states m,'---m,y- must be a permutation 
of m,::-myy; in that case, the matrix element of the product of a- and a*-operators is 
simply (—1)”, where P is the permutation in question. When we combine the w and 
w™* factors back into z°U, matrices by using (2-8), we get the result 
© 
Trace Wy= BS lS cia’ bhkaa od (1) P22 va tag He, 


s 


0 Ayo ky my, moan P 


x (mymy|2U,|m} mf) - *(myy_jMoy|ZU,| msy_ my). (2 i 21) 

The sum over the k’s is over configurations, whereas the sum over the m’s is over the 
2N indices independently. Let us now compare this result with (2-3), in particular 
with the term in (2-3) for which N,=S and N,=N. There are the following differ- 
ences : 

1) The factor (N,!)~ appears in (2-3) but not in (2-21) ; however, the sum 
over k,---ky in (2-21) is over configurations, the sum over the &’s in (2-3) is an in- 
dependent sum ; these two differences just cancel each other. 
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2) The permutations P in (2-21) permute only the 2N indices m,:*:Msy, whereas 
the permutations P in (2-3) permute all N,+2N, indices. However, it was shown in 
reference 1) that the restriction to the smaller set of permutations is all right provided 
all the k’s are different from each other, and different from all the m’s (see formula 
(3-12) of reference 1)) ; these are just the restrictions indicated by the primes on the 
sums in (2-21). 

3) The factor (N,!)~* which appears in (2-3) is missing from (2-21). This is 
the only real difference. 

Since this missing factor (N!)~' appears in (2-17), we conclude that the full trace 
of the operator t, (2-12), is indeed equal to (2-3). Of course, the Ansatz (2-12) 
is not the only one which gives the correct trace; we are free to choose the off-diagonal 
elements of ({ quite arbitrarily. However, the choice of off-diagonal elements implied 
by (2-12) is clearly a “natural ”’ choice, and we shall adhere to it henceforth. 

The proof for the general case, in which the sum over @ in (2-8) contains an 
arbitrary number of terms, goes through in an entirely analogous way; the operator 


identity replacing (2-14) is 


wIT(A,)**(AZ) "a= TT Oxy Nol. (2-22) 
The labelling operators serve two functions in this formalism: (1) They ensure that 


there are exactly as many factors w, as w* in any surviving term; hence we can always 
combine the factors into (k,ky|z°U,|k,/k.’) by using (2-8), provided only that the com- 
binatorial factors are right; (2) the labelling operators provide the necessary combinatorial 
factors for this purpose. The Bose commutation rules for the A-operators are essential 
for this, i.e., we need the N,! in (2-22). 

The N’th term in the expansion of the exponential exp(Q) in (2-12) thus 
“connects” only with the N’th term of the expansion of exp(Q*), and their product 
gives the contribution of precisely N pair correlation, ie., the term N,=N of (2-3), 
to the density matrix of the system. The U in (2-12) supplies a factor u, for each 
occupied state k which is not already “used up” by the pair correlation terms. 

The following two sections are devoted to re-deriving the main results of reference 
1) from the form (2-12). An extension of the theory to include higher-order correla- 


tions is given in section 5. The self-consistency problem is discussed in section 6. 
§ 3. Rederivation of the quasi-chemical equilibrium result 
I. The leading term 


Let us now show how we can use the formalism developed in section 2, to rederive 


in a simpler fashion the main results of reference 1). We wish to evaluate the trace: 
exp (— 2.2) = Trace t( =Trace (we? UV ew). (3-1) 


We first use the fact that the operators in a trace can be permuted cyclically, to write 


this as 
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ep 0 ee cae UV e’w e”*) ; (3-2) 


At this stage it helps to note that the projection operator onto the formal boson 
vacuum assures that there are as many factors W, arising from the expansion of exp(Q) 
as there are factors W; arising from the expansion of exp (Q”), separately for each value 
of a. We can achieve the same effect by placing operators w to the left and to the 
right of the product of two exponentials, provided only that we interchange the roles of 
A, and Ai. We define the operator P by 


P=S\W.A, (3-3) 


ie., P differs from Q, equation (2-11), by having a formal boson destruction operator 
instead of a formal boson creation operator. We then see that (3-2) can be rewritten 


as 
exp (— S2) =Trace(U we” e* tw). (3-4) 


To prove the identity of (3-2) and (3-3), it is necessary merely to expand the ex- 
ponentials and to use the identity (2-22). 
Next, let us simplify (3-4). When we expand the exponentials and use (2-22), 


we see that a typical term contains the factor 


Op day ide a a> ay 


m2N° M2nN-1 Mg” My 


in which there are exactly as many a’s as a*’s. Furthermore, since the operator (° is 
diagonal, the set m,, m,,,---, my must be a permutation of the set &,, k,,,---, kay, in order 
to give a non-zero diagonal element for the trace. 


To see what happens, consider the simplest terms of this type, namely the traces : 
Trace(('a,a,") and Trace(7'). 
The Trace of (', equation (2-6) is well-known to be: 
Trace U =I1 (1+). (3-5) 


When we evaluate the Trace of (a,a;', all indices k1 behave in the same way as be- 
fore, so that we get the identity 


Trace(Va,a,t) =| JT (1+) | Trace (u,"!*"a,a,*) 
kAl 


=[Trace 1! ](i+u,) ~* Trace (u,7*"a,4,*). (3-6) 


In the last Trace in (3-6), the factor a; at the extreme right end assures that the 


contribution comes only from the vacuum state, i.e., the state with n,=d,'4,=0. The 
factor u,"" then equals unity. 


Letting |0) stand os the vacuum state, we therefore have 
the identity 


Trace (VU a,a,+) = (Trace Py (ol see “4 0) : (3-7) 
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We can state this result more neatly by introducing the “‘ quenched operators” a, through 


p= (Cl +u,) a, , an + up)? ap c (3-8) 


With this notation, we have 
Trace (U' a,a,*) = (Trace 1°) (0|4,4,*+|0). (3-9) 


-At this stage it is easy to see that a similar relation holds for the general term 
arising from the expansion of the exponentials in (3-4) ; the product. of 2Na’s times 
2Na~’s appears inside a vacuum expectation value, with all operators replaced by their 
“quenched ”’ counterparts. The transformation from a to d, equation (3-8), is of course 
just the formal appearance of the reduction of interaction strengths due to the Pauli 
exclusion principle, the well-known statistical effect already discussed in reference 1). 


When we now recombine terms, we get the following result for (3-4) : 
Trace (t() =Trace(U we” e”*w) =Trace(1') (ole” e’*|0), (3-10) 


where P is obtained from P, (3-3), by “‘ quenching ”’ ; explicitly, 


Sy Ne Ss he aT ry (3814) 
a Y 2 «@ hke y (1+) (1+7,,) 
Equation (3-10) can be written in the form: 
exp (— 9.2) =exp (—82,) exp(—P2m), (3-12) 


where 2, is the grand canonical potential for the ideal Fermi gas of “ single” particles, 
and 2, is the grand canonical partition function for the “‘ quasi-molecules ” which result 
from the quenched pair correlations. We have thus recovered equations (3-18) and 
(3-19) of reference 1), and have obtained an alternative, but equivalent, expression for 


exp(—/2y) instead of (1.3.23), namely 
exp (— S24) =(ole” e”' 0). (3-13) 


Let us now show how (3-13) reduces, in first approximation, to the partition func- 
tion of an ideal Bose gas. To do this, we first rewrite the Bose gas partition function 


in a different way. It is well known that the Bose partition function is 


exp(—f2,) =/1 : a (Ideal Bose Gas) (3-14) 


Vo 
where v, is related to the Bose particle energy level 7, and to the chemical potential 


y. through 
¥,=exp 3 (U—7ya)- (Ideal Bose Gas) (3-15) 
Let us teieditce Bose creation and annihilation operators A,, Aj in the usual way ; 


however we also introduce operators B,, B; which operate in an independent space, but 


obey the same commutation rules : 
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[B., BE] =: (3-16) 
(By By |2=([ BeBe |_=0- (3-17) 
We then assert that (3-15) is identically equal to the expression : 
exp (— 7.24) =(Olexp (21 (vq) A,Bz) exp (21 (%) ‘Az Br) \0). (3-18) 


The proof of this assertion is simple: First of all, operators involving different 


states @ commute with each other, hence we get immediately : 


exp(—?.2,) =/1(0\exp (v,'" A,B.) exp (v,'" AB) |0). (3-19) 
We now expand the two exponentials in power series, and make use of the fact that 
(0| (A4,B,) * (Az Br) N’\0) =O yx (N!)*. (3-20) 
This gives : 

2 “pigs: ge rae ~ 

(0|exp (v"/" AB) exp (v'”"A* B*) |0) = pai aaa Oxy, (N!)* 
ak 1 $ (3-21) 

N i—t 


Combination of (3-19) and (3-21) proves the assertion (3-18). 
We apply this result to obtain an approximate evaluation of (3-13). Let us now 
fix upon one particular decomposition of the quenched correlation matrix :* 


Chyky| 2Ug|hy/he!) = D} Wa (has be) WE (hy’, hy’) 


ws (ko, ky) wt (k,’, k,’) 


= SN) . ; 
@ Vv (1+) 1+) (1+) (1 + wy) 


(3-22) 


We fix the decomposition by requiring the functions #,(k,, &,) to form an orthogonal 
set ; these functions are then related to the eigenfunctions of the matrix 7U, through 
Walk, hy) = 00 Ba (hs Be); (3-23) 
where v, and g.(k,, ky) are the eigenvalues and normalized eigenfunctions of 2U,, 
respectively. 
We then introduce “physical boson”’ annihilation operators 6, by 


1 
ratte EA ET Cm 
1 2 a? ( ) Ax, Ags G3 24) 


In terms of these operators, equation (3-11) becomes : 


P= >* v.16, 4, . (3-25) 


* . : : ‘ 
It is at this point that we make essential use of the freedom of choice of the decomposition of the 
original operator z’U», equation (2:8). If we had insisted, at that earlier stage, that the functions w, are 
to be orthogonal to each other, then the quenched functions w, would not form an orthogonal set. 
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When we insert (3-25) into (3-13), we obtain precisely the form (3-18) for the 
partition function of the ideal Bose gas, with one exception : the physical boson operators 
b., bg obey the commutation rule (3-17), but they do not obey the rule (3-16). 
Rather, the commutator is 


[bes 63 ]-=Sart >) bulky KOE H, by) aban. (3-26) 


The additional term by which (3:26) differs from (3-17a) is an expression of the fact 
that the “ quasi-molecules ” described by the eigenfunctions ¢, are not really independent 
Bose-Einstein particles ; rather they are complex structures, whose constituent particles obey 
Fermi-Dirac statistics. 

Note that the requirement that the #, form an orthogonal set is essential to obtain 
the leading term 0,, of (3-26). Note also that 6,, equation (3-24), is the operator 
one would naturally write down in second-quantization formalism as the wave-operator 
associated with the first-quantized wave function dy. 

To the extent that the overlap integrals which appear in (3-26) can be ignored, 
the form (3-13) together with (3-25) is equivalent to an ideal Bose gas partition 
function, (3-18). Of course, equation (3-15) fails completely for this system; or, if 


4 


we insist on defining “energy levels”? 7, of our ‘‘ quasi-molecules”? by the use of equa- 


/ 
tion (3-15), then the 7, depend in some complicated way on temperature and on the 


chemical potential p. 


§ 4. Re-derivation of the quasi-chemical equilibrium result 


Il. The higher terms 


‘* quasi-molecule ” partition function, (3-13), arises 


The difficulty in evaluating the 
because of the altered commutation rules, (3-26) instead of (3-16): the “ physical 
boson” creation and destruction operators b;, 6, obey commutation rules which differ 


“ideal boson” operators By, B,. 


slightly from the 

It is easier to work with operators which obey the “ ideal’? commutation rules, 
(3-16), and to transform the additional term in the commutation rules for the “ physical 
boson”’ operators into an equivalent, additional term for the operator whose vacuum 
expectation value we desire. This can be achieved by means of a method developed by 
Dyson” in connection with the theory of spin waves. 


Let us first define a “ physical boson”’ configuration |n,, m,---)=|a) as the state 
bt Ney 
12) = fram =F Led™ Joy, (4-1) 
a yn! 
where |0) is the vacuum state, and the b, operators are the Hermitian adjoints of the 
b,, equation (3-24). Since all 6{ commute with each other, the order of factors in the 


product is irrelevant. 
The set of states |a) is complete, but not orthogonal ; as an example, consider two 


“ two-molecule” configurations, say |¢)=|1,1,) and |b)=|1,1s). Their overlap integral is 
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(1a1s|1y16) = (0|b.625; bg |0) = 6,055 +9.s0e7— C3, (4-2) 
where 
S= Dd) 2 da (ki ko) Gs (Rey a) OF (ho be) OS (her i) - (4-3) 
ke kakaks 


Note that the 4’s which appear as arguments of the complex conjugate wave functions 
in this formula are the result of performing the cyclic permutation (1, 2, 3, 4) on the 
k’s which appear as arguments of the unstarred wave functions. In the reduction of 
(4-2) to (4-3) we have made use of the fact that all the @’s are antisymmetric func- 
tions under interchange of the two k’s. Using this, it is also seen easily that 


$= CH=CE= (CH)*. (4-4) 


? 


Although ‘physical boson’ 


states |a) are neither orthogonal nor normalized in 
general, there is one exception to this rule: the vacuum state |0) is not only normalized, 


but is also orthogonal to all other physical boson states : 


(a|0)=0, 0. (4-5) 
Before we go on, let us note that the quantities C of equation (4-3) enter into 


the commutation relations between physical boson operators. To be precise, the double 


commutator between one 6 and two 6°’s is given by 
[[bap 8: ]b3]=—S CHB; . (4-6) 
Let us now, following Dyson, consider a correspondence between the physical boson 
states (4-1) and operators T acting on them, and “ ideal boson states”’ |¢) and operators 


T acting on them. We use ideal boson operators B,, B; obeying the ordinary Bose 
commutation rules (3-16) to construct the ideal boson state |a) as 


|a) =|n.ngny---) = 11 Be)" gy, (4-7) 


« yn,! 


where |0) is the ideal boson vacuum state. It is easily seen that the states (4-7) are 
orthonormal : 


(a\a’) =0, ee i Sant . (4-8) 


We then set up a linear mapping T++T of operators in the two spaces: let co- 


efficients T',,, be defined by 


T|a')=3) Tea\a>. (Definition of .T,.,) (4-9) 


Because of the lack of orthonormality of the set |a), Toa is not equal to the matrix ele- 
ment (a|T\a’). The corresponding operator T’ in the ideal boson space is defined by 


T\a’) =S) Tyar\a). (Definition of T) (4-10) 


Since the ideal boson states |a) are properly orthonormal, it follows that 
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Lep= (a|T la’); (4-11) 
The mapping T<+T is single-valued and linear, ie., T,+T, maps into 7+ T,, 


TT, maps into T,T,, the zero operators map into each other, and so do the unit 
operators. However, the mapping operation does not preserve scalar products, and_there- 
fore also fails to preserve the correspondence between an operator T’ and its adjoint T™. 


For example, it is obvious from the definitions given so far that bf maps into By, i.e. 
boa b= Bt (4-12) 
On the other hand, 6, definitely does not map into By. Indeed, our next task will be the 
construction of bB,. 
Let us define the operator O* (a) as the ideal boson operator which generates the 
state |a) from the vacuum state |0), ie., according to (4-7), 


oO ele aS, 


(4-13) 
e y¥y “ng! 


Let us also define, for an arbitrary operator T in the original space, a sequence of co- 


efficients by multiple commutation with the b* operators : 


0) = >1 1 49\4)) Definition. of T%,) (4-14a) 
[T, 6£]|0) =>) TZ,|2>, (Definition of T,) (4-14b) 
NT Abs Wed Omee Sas (Definition of 13 (4-14c) 


and so on. It is sometimes true that the sequence of coefficients defined by (4-14) is 
easier to obtain explicitly than the general coefficient T.,,, defined by equation (4-9). 
If these coefficients are known, then we can obtain the corresponding ideal operator T 
by the following : 

Lemma: The ideal operator JT’ corresponding to a physical operator T with coefficients 
given by (4-14) is: 


T=3}0+ (0) To +L S754 ABB |. Ei) 


Proof: Since the mapping T<+T preserves sums and products, it preserves commutators. 
Since the mapping also maps 6; onto By, we can get a check on the correctness of 
(4-15) by evaluating the series of matrix elements, in the ideal space, which are involved 
in the definitions (4-14) in the physical boson space. That is, we wish to check the 
relations 
(a|T|0) =T (4- 16a) 
(a|[T, Be ]|0) =Tio, (4-16b) 


(a\[[T, Bz], By ]|0) =T , (4-16c) 
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When we insert the form (4-15) for T in (4-16), the operators O* (a) always 
commute through, and we use the Bose commutation rules for the B’s and B~’s. When 
we do so, the relations (4-16) are easily seen to be identities. 

To complete the proof, it remains merely to observe that these checks are also ex- 
haustive, in that all matrix elements (a|T'|b) are eventually involved. For example, the 
double commutator which appears in (4-16c) involves, among other terms, the term: 
TB; By. When this operates on the vacuum state 0), it is equivalent to T itself 
operating on the two-boson state |1,1,), and hence the check (4- 16c) provides a check 
on matrix elements (a|T|b) with |b) any two-boson state. 

We are now in a position to construct the ideal operator b, corresponding to the 
physical boson operator b,. From the definition of 6,, (3-24), and relations (3-26) 
and (4:6), we get 


b.|0>=0 so.that (6,)a=0- 
[b.. bf ]|0>=0,|0) so that (5,)%,=0,, for |a)—|0) 
=0 otherwise. 
[[b., oF |, bs J]O>= — 2 C%3|1,) so that (6,)is=—C for |a)=|1,) 
=0 otherwise. (4-17) 


Becnuse of (4-6) all higher commutators vanish identically, and thus the series 
(4-15) terminates. In fact, we have: 


b.=B,—} >) Cys BS B,B; . (4-18) 
Byrd 


Since products map into products and sums into sums, the exponential function of 
an operator maps into the exponential function of the transformed operator. Thus we 


get the following mapping 
exp (P) exp(P*) =exp[3) v2"4,(B,—3 S) C$3 BY BBs) ] exp[ S} vl? APBr). 
Co Rré a 
(4-19) 
Furthermore, although in general the coefficient T,,, in the expansion (4-9) is not 
equal to the matrix element (a|T|a’), the vacuum expectation value {O|T|0> is an ex- 


ception to this rule. When we premultiply equation (4: 14a) by .(0|amd. use relation 
(4:5), we get immediately 


T= (0|T|0) 


and hence, from the general relation (4-11), 


(0|T|0)= (0|T|0). (4-20) 


When we use expression (4:19) for Tin (4-20), we obtain exp(—2,), equa- 
tion (3-13), as the vacuum expectation value of the operator (4-19), with the A and 
B operators obeying ordinary Bose commutation rules. Thus we have achieved our first 


purpose, to convert an expression involving operators with “ not-quite-Bose ’’ commutation 
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tules into an equivalent expression involving only ordinary Bose operators. Let us introduce 
some notation : 


R=D PAB, (4-21a) 

Ri= 2 Cel eB. ae (4-21b) 

v= —4 , Cr vu A,B} B_B; , (4-21c) 
ony 


‘Then we have the identity : 


exp (— 8.2) = (Ole**Se** 


0). (4-22) 


In order to make an expansion, let us multiply the operator S by a c-number parameter 


A, and expand 2 as a power series in 4; finally we set A=1. We get 


exp (—24(A)) = (Ole***e* *|0) (4-23) 
with 
2 (A) = 2,4+/12,4+72,+ sis's (4-24) 
and 
1 a aes | al | Ca R+XS,,R+ | 
a : = —____] —— In(O 0 : 4-25 
4 ae OM are Lh=6 Gn ts! Cy AG Uy A=0 ( ) 


For reasons which will become apparent later, we shall restrict ourselves to the 
evaluation of the first two terms of the series (4-24). The leading term 2, is of 
course just the Bose result obtained in section 3. For the next term, %,, we use the 


relation : 


E exp(R+45) | = {exp(R+25) | deacplaCRr suis expleieeees Ui 


1 
=| (Wil We BAS see (4-26) 
0 


The integrand in the last expression in (4-26) is evaluated most easily by using the 


Bose commutation rules together with the general identity : 
y i > 
eS et S—| dt! e""[R, Se" (4-27) 
Jo 


The commutator of R, (4-21a), and S, (4-21c), commutes with R so that the integra- 


tion becomes trivial. We then get 


a376 


j dt e"® S f® = —4 31 CH vl A, (BY — fui A,) BB, = T. (4-28) 
0 


When we insert (4-26) and (4-28) into (4-25) for the case s=2, we find 


(ole"T e*|0) CD) 


— §2,=-——___ 
ye (O|e* e**|0) 
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The ratio (4-29) splits into a product of independent ratios, one for each state 5: 
Those indices which do not occur in a particular term of the sum (4-28) make a unit 
contribution to the overall ratio; for those indices which do occur, the evaluation is most 
easily done by the trivial method of expanding the exponential in a power series, using 


the commutation rules, and collecting terms at the end. The result is 


a7 we 2 Ue Ue 
—22,= = 2 ea Cys (94,956 + 05693,) 
: “376 1—v,1—v; 
Using the symmetry relations (4-4), this becomes 
hte re 
POs =| Si (4-30) 
a8 ie, 2 


Let us now compare this result with the corresponding expression, formula (II. 18), of 
reference 1). It is easily seen that the quantity 7,(a@, 4) appearing there is equal to 
—1C“% in our notation ; of course z°u, equals our v,. It is apparent that the expressions for 
2, idee significantly. In tracing through the earlier calculation, we have found a mistake 
in the combinatorial factor of equation (II. 5). The mistake is rectified by replacing 


t 
21s)! by 2 
s! 


The effect of this replacement is to change expression (II. 16) for f(x) into the much 
simpler form 


fie) = 3} ¥=x"/(1—2). 


l=s 


When this is substituted into (IJ. 15) and appropriate reductions are carried out, the 


final formula is extremely neat, namely 


—R2Q= SI ¥.(a,, 4) TA. (4-31) 
a. i=1 1—t, 
(4:30) is the special case of (4-31) for s=2. We remark, incidentally, that the 
higher terms 2, of our expansion (4:24) do not agree, term by term, with the higher 
terms 2 of (4-31). For example, our 2, contains not only 2 but also part of 2”. 
However, as we shall now see, this makes no difference whatsoever, since neither expan- 
sion can be used near the condensation point ! 

Condensation occurs when one of the ¢,=2n, approaches unity. In order for an 
expansion of the type considered here to be useful near condensation, it is necessary that 
the higher terms 2, or 2 have singularities at this point no stronger than the singularity 
of the leading term 21, which is of course a logarithmic singularity. However, it is 
obvious that this condition fails to hold. For example, 2, gives rise to a quadratic 
singularity near condensation, arising from the term in (4-30) with a= $=a,, where 


Va. is that particular eigenvalue of the pair correlation operator which approaches unity 
first. 
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Following the discussion at the end of Appendix II of reference 1), we are forced 
_° the conclusion that the present evaluation of the formalism does not allow us to dis- 
cuss the nature of the condensation phenomenon, since the series becomes useless near 
the condensation point. The new evaluation of the formalism necessary for this will 
be given in two subsequent papers. Suffice it to say here that the essential features 
are unchanged. The condensation is still an ordinary Bose-Einstein condensation of the 
“* quasi-molecules ’’ which appear as eigenfunctions of the quenched correlation matrix. 
The main difference is that the condensation occurs at a different value of the chemical 
activity z. This implies immediately that any power series expansion around the ideal 
Bose result must fail near condensation, since the location of the singularity of Qy, as a 
function of z, has shifted. This is true no matter how small the amount of the shift 


may be. 


§ 5. Extension of the formalism to higher-order correlations 


In the quasi-chemical equilibrium approximation, we take into account dynamical 
pair correlations (and statistical correlations of all orders). We shall now show how the 
labelling operator formalism can be extended to cover the general case of dynamical cor- 
relations of all orders. As before, we use the grand canonical density matrix; the trace 
of that matrix appears naturally as a sum of terms, each term giving the contribution of 
a combination of N, “ single particles”’, N, ‘‘ pair correlations ”, N, “ triplet correlations ”’, 
N, “ quadruplet correlations”, and so on. The formula for the trace is a straight-forward 


extension of equation (2-3) for the quasi-chemical equilibrium approximation : 


Trae (= SI Ba pe Senn 


| 
Nis Na, Na Rar kyy lirlan, mir may, P 


Saas Nae BleU [RP Chal 2U RP) Cy 
(1!) *# (21) *2 BI) %8-+ NyNo! NG! ise RS Ngee 


U, [Riv 


xc i ral BE lf I}): Clons—1l 149N2|< Jor oN 1 lo. > 


ZU; | Min, —2M3y,—-1M3x5) 
(5-1) 
Here U, is the Ursell matrix for pair correlations, U, the Ursell matrix for triplet 


correlations, and so on. The permutations P transform the set of N,+2N,+3N,+°::: 
into the permuted indices kf’ etc. Just as before, 


x (m,mgn,|2°U;| mi mz my ) + (Msy,—Mn5—1M3N5 


indices k,,°*5 kis biy°**leway Myy°**s Mane» 
2 . . * 
we would like to construct an operator td in second-quantization form, such that the 
trace of t( is given by (5-1). 
Reasoning by analogy with the pair correlation case, we expect that it will prove 


useful to decompose the higher-order correlation matrices into sums of products ; in general, 


for an s-particle correlation : 


Chi Ro ahs ke|z'Us|ky's he snaby k= 2) wW Chips he ky) W* (kgs this kif) (522) 


a 
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Equation (2-8) for the pair correlations is the special case s=2 of (5-2). We then 
define second quantization operators W. © associated with each component w{? through : 


pe pa we aoe k,) 4 Tha Tk, - (5 3) 


yh pleniien ks : 
If the », is already a completely anti-symmetric function of its s arguments, then there 
are s! equal terms in (5-3) for each set of s different states kitty ke If the w, are 
not all antisymmetric, the formula (5-3) automatically selects only the antisymmetric 
components of the »,. Equation (2-9) is the special case s=2 of (5-3). 

When we now attempt to place factors W and W~ on either side of the single- 
particle operator (’, the need for labelling operators of some kind becomes immediately 
apparent: we must finally be able to combine terms so as to return to expressions involv- 
ing only the matrices z'U,, independently of their (non-unique) decompositions (5-2). 
Hence there must be exactly as many factors wS? on one side as there are factors w{* 
on the other side of 1’, separately for each s and each a. We must therefore introduce 
labelling operators A$”. Since these are purely formal operators, acting in a purely formal 
space, we are free to choose their commutation rules. 


We construct the operator Q® in analogy to (2-11), ice. 
QO=D WEAN. 6-4) 


We would like to impose the condition that the different operators which appear in this 
sum commute with each other. Only then can we make efficient use of the exponential 
function of Q®. However, it is obvious that, for odd values of s, the terms of (5-4) 
commute with each other only if the AS obey Fermi (anti-) commutation rules. That 


is, we are led to the commutation rules : 
[A2, AP") _ = d0e,, (5 - 5a) 
{ Agee), Ager?) : = 6,0. ‘ (5-5b) 
[4®, AP]. =[42", A"]_=0 if at least one of s, t, is even, (5+5c) 
{AGH D SAG) se | AG gee") oy all ge (5 - 5d) 
[AG AgeO™] =o all s ¢. (5-5e) 


With these rules, all the operators WS AS” commute with each other. 


For odd s, the rules (5-5b) and (5-5d) imply that a given index @ can occur at 
most once in the decomposition of a product of N, factors 2U,, of the type appearing 
in (5-1). This is all right because, for all odd values of s, the following identity holds : 


(WY)*=(WY")*=0 for all odd s. (5-6) 


With this operator identity, it is clear that terms in which an index a is repeated never 


occur, no matter how the labelling is accomplished. Thus we can use Fermi rules for 
the AS without killing off needed terms. 
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To prove (5-6), consider, for example, the case s=3. The square of W (omitting 
the index a) is, according to (5-3), 


(W)2= (31)-! S} w® (m,, my, m,) wv (my, m,, my) a2)... - (5-7) 


my: --™m6 


Let us focus our attention on two ordered sets of three indices, say h,, ky, ky and L,, l,, l;. 


These sets appear twice, namely : 
m, =k, m,=k,, m,=k,, my=l,---, m=l, and m=1,,---, m,=k; . 


The numerical coefficient ww is the same, and the operators a---a just cancel to give 
zero, because of the anti-commutation rules. This cancellation occurs for all odd values 
of s, thereby completing the proof. 

As a consequence of this fact, the special case of ‘‘ one quantum state correlations ”’, 
i.e. one term only in the sum over @ in (5-2), is of no interest whatever for odd s. 
A correlation matrix of rank 1 for odd-order correlations has no influence on the statistical 
mechanics of the system ; for it can appear as at most one factor in a product of infinitely 
many factors, such as (5-1). By the same reasoning, odd-order Ursell matrices of any 
finite rank (the sum over @ is a finite sum) can be ignored altogether. 

For even s, on the other hand, there is no restriction on indices @ repeating, and 
in fact the Bose-type condensation which may occur in this formalism just means that 
one index @ occurs a macroscopic number of times, below a certain critical temperature. 

Of course, all this represents merely the formal appearance of the well-known fact 
that molecules composed of an even number of Fermions obey Bose statistics (in some 
reasonable approximation), molecules composed of an odd number of Fermions obey Fermi 
statistics. It is pleasant to find, however, that the expected connection appears so naturally 
and unavoidably in the formalism developed here. 

From here on, we just proceed as before. We define the operator Q by 


Q= >) 2, (5-8) 


where 5,,,, is the highest order dynamical correlation retained in the description of the 
system. As a result of the commutation rules chosen, all terms of the sum (5-8) 


commute with each other. The density matrix of the system is then given by : 


K=o exp (Q*) V exp (Q)a, (5-9) 
where U! is defined by (2-6) and w is the projection operator for the vacuum state of 


all the formal operators A‘ A, 
We shall omit the detailed proof that the statistical factors N! work out all right 


when we take the trace of (5-9) and compare with (5-1). There is no difficulty with 


this proof, once the identity (5-6) is known to exist. 


In closing this section, we make two remarks : 
1) If.the sum over s in (5-8) is.extended over all s >2, we obtain a complete 


expansion for the density matrix tl. Under certain special conditions (for example, the 
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hard sphere gas studied by Yang and Lee) such a complete oe sn fe useful. 
It supplies an algebraic method of handling the “ ar a ipecie appear in such a 
formalism. Our own interest, however, lies in approximations in which the sum over s 
is restricted to a small number of terms, and the influence of higher order terms is taken 
into account in some self-consistent way. After all, the terms of importance are essentially 
of two types: small s, including of course the independent particle terms ; and very large 
s, which give “collective motions”. If collective motions are not important for the 
problem at hand a finite sum over s is sufficient ; if the collective motions are important, 
then they should be handled as such, by some approximation appropriate for that purpose, 
rather than by the formal device of extending the sum over s in (5-8) to extremely 
high s. 

2) The “quenching factors” by which the Pauli exclusion principle inhibits the 
effects of higher order correlations appear naturally in the extended formalism. Indeed, 


by precisely the same arguments as before (see section 3), we arrive at the factored ex- 


pressson : 
Trace (( =Trace U? (Olexp (P) exp (P*) 10>, (5-10) 
where 
P= S)RB= SY WEA (5-11) 
and 
Cs) _ 
Wi — 1 Se We (k,, > k.) node, : (5 é 12) 


— a - a 
V sl arnk, Vv (i + Uy.) (1 + gy) + (1 +0g,) 


However, whereas for s,,..=2, this reduction is already a major step towards the 
explicit evaluation, of the trace, for the general case a lot remains to be done. The 
vacuum expectation value which appears in (5-10) contains the contributions of all the 


dynamical correlations, and is not separated into a product of factors, one factor for pair 
correlations, one for triplet correlations, and so on. 


$6. Conditions on the Ursell matrices 


So far, we have taken the Ursell matrices U,, Uy, etc. as given quantities ; we have 
shown (in sections 2 and 6) how the statistical operator t{ can be constructed from 
them, and (in sections 3 and 4) how the trace of ({ can be evaluated in terms of 
properties of these Ursell matrices. 

However, we also need some way to find the matrices U,, starting from fundamentals. 
In general, our information about a thermodynamic system consists of microscopic inform- 
ation, namely the Hamiltonian H of the system, and thermodynamic information, which 
specifies a unique thermodynamic state of the system. This latter information can be 


given in many ways; for our present purpose we shall assume that we are given the 
internal energy of the system, i.e., 
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E=Trace(H t() (6-1) 


and the number of particles 
N=Trace (7( t) (6:2) 


where 7( is the operator (2-18). In these equations, Cl is the normalized statistical 
operator, 1.¢., 


Trace ((() =1. (6-3) 


We shall consider systems at constant volume V throughout. 

Since the Trace of expression (5-9) is not equal to unity in general, we must alter 
our form for the statistical operator ({ by supplying a constant C in front, i.e., we assume 
the form 


CU =Cw exp(Q*) U exp(Q)a, (6-4) 
where (° is defined by (2-6), and Q is defined by (5-8) and earlier equations in 


section 5. 

Clearly we need a criterion to allow us to choose the matrices U, in some “‘ best ” 
way ; this section is devoted to writing down such a criterion, and giving some discussion 
of it. 

A reasonable criterion can be obtained by observing that the standard grand canonical 


distribution function'*? 

U =exp 8 (Q2—H+pH() (6-5) 
is the solution of the variation principle : 

Trace(({ In (() =Minimum (6-6) 


subject to the conditions (6-1), (6-2), and (6-3). The parameters 9, #, and @ 
appear as Lagrange multipliers in this variation. The Trace (CC 1n C) is of course 
proportional to the negative of the entropy of the system. 

Let us now observe that condition (6-6) can be imposed on the approximate density 
matrix t(, equation (6:4). That is, suppose we stop with correlations of orders. We 
then have s unknown matrices U,, U,,-:-, U,, and the unknown constant C in (6-4). 
We get conditions on these matrices and on C by imposing (6-6). Of course, the 
correct solution, (6-5), is not included in our Ansatz (unless we include all orders s of 
correlations) ; hence we expect to get self-consistent solutions, rather than exact expansions. 

To be specific, consider the independent particle model, which is obtained from (6-4) 


by omitting all s=>2. We have 
t=C V=CII (u,)“**"* (Independent particle model). (6-7) 
k 


The parameters available for variation are the set of numbers uv; and the one number C. 


* We assume that the Hamiltonian H and the number operator commute with each other. 
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The actual calculation has been performed by Husimi ; the results are as follows: let 


the Hamiltonian H consist of single terms and pair terms : 


H= SThyajg a, +h SD) Chikol lhe’ he! pice tn tear Gear (6-8) 
k ky hoki kot 
and define : 
ny, ==w,/ (1 +u;,) (6- 9) 
Ve Dd) [CA |v Ray — CRE || RD J tee - (6-10) 
kr 


The first is the average number of particles in state k, the second the average potential 
energy encountered by a particle in state k. When we perform the variational calcula- 
tion, we introduce Lagrange multipliers involving 7 and /4, and arrive at the self-consistent 


Husimi eqvations : 


7, = exp [P(u—h.—V,) }, (6-11) 

N=Svie, (6-12) 

E= 3} (hy +4V;,) n; - (6-13) 
k 


Equations (6-9) — (6-13) form a self-consistent set, to determine the quantities By 
y, and V,, given E, N, and the Hamiltonian (6-8). In the limit of zero temperature, 
these equations reduce to the Hartree-Fock equations (6-11) becoming a step-function 
distribution. 

We have written down these equations explicitly to show an important difference 
between the self-consistent equations for the ground state and for statistical mechanics. 
For the ground state, the Hartree-Fock equations of an infinite system become trivial, 
ie., the self-consistent wave functions are known to be plane waves (from translation 
symmetry) and the answer for the energy follows at once. In statistical mechanics, 
even this simplest case leads to a non-linear integral equation: equation (6-10) involves 
V,, on the left side, and a sum over quantities containing V,, on the right side. 

In principle, we can now extend the method to include pair correlations (the quasi- 
chemical equilibrium theory) and even higher correlations. We replace assumption (6-7) 
for the density matrix by (6-4), and again perform the variation (6-6) subject to 
(6-1) — (6-3). However, the evaluation of the trace (6-6) now becomes considerably 
more complicated, and the calculation is still in progress. 

We therefore restrict ourselves to some remarks on matters of principle. First of 
all, the traces (6-1), (6-2), and (6-6), which are needed for the variational formula- 
tion of the theory, all involve off-diagonal matrix elements of ({. Hence the extension 


of the original theory to include an Ansatz for off-diagonal elements, performed in 
sections 2 and 5, is an essential first step im the variational approach, and thus necessary 
for a complete formulation of the theory (one that includes sufficient equations to specify 
the Ursell matrices themselves) . 


Secondly, there is an ambiguity inherent in the definition of the Ursell matrices 
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for s=>2. For example, consider a “ pair correlation”? matrix (k,k,|U,|k;/ko). We can 
add to this matrix a direct product of the “ single-particle”? matrices U,, multiplied by 


some constant c, that is we construct the matrix U’,: 


(hy hy| Uy |kyhy!) = Chyko| Ua hile!) -+ eC; Uy! Chol U; |). (6-14) 


The added term is not really a “pair correlation” at all, and it is therefore necessary 
to find a condition for determining the constant c uniquely. Now, in the simplest form 
of the theory, the matrices U, and U, are given by equations (1-3) and (1-4) ; 
furthermore, with this choice of U,, the trace of U, is proportional to the second virial 
coefhicient of the dilute gas :” 


fies: 19,288 Sh9Ck be lT7 |b, oe eo (6-15) 
kike2 
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where V is the volume, 4 is the usual thermal wave length, 


2 1/2 
i=[ [> (6-16) 
™m. 


and 6 is the second virial coefficient ; this coefficient is an intensive quantity (see equa- 
tion (2-17) of reference 1)), not proportional to the volume. Furthermore, this property 
of U,, which we may also consider as a “finite range of the cortelation”’, turned out 
to be essential for the later discussion (see section 5 of reference 1)). 

“39 


It is natural, therefore, to fix the coefficient “c” in (6-14) for the general case 


by the same condition, i.e., we require 
Trace U,=proportional to volume /. (6-17) 
The same condition should be imposed on the traces of U, for all orders s of correlations. 


We would like to thank Drs. S. T. Butler and M. R. Schafroth for valuable 
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Meson-Meson Interaction 


K. Igi and K. Kawarabayashi 


Department of Physics, University of Tokyo, 
Tokyo 


July 5, 1958 


Strong resonant interactions between the 
incident meson and the meson-cloud of the 
nucleon were suggested phenomenologically 
by Dyson” and Takeda” as a possible 
interprtation for the second maximum in 
7~-p scattering in the Bev-region. The 
former postulates a resonant state in T=0, 
while the T=1 state resonance is proposed 
by the latter. 

In this letter we wish to discuss if such 
a resonance could be explained at least 
qualitatively from the field theoretical point 
of view. Such discussion has already been 
tried by B. Bosco and R. Stroffolini® using 
a simplified hamiltonian. However, their 
treatment seems unsatisfactory because of 
the specialized form of hamiltonian. In 


kg | ks, k ky, 
\ wo <= 
AN p-hi-ky a ee 
we 
p-ki ptks 
que 3g ee ‘A 
he \ Pd 
ki i ko, j ky, i 
Fig. la. 


order to investigate qualitatively whether 
meson-meson potential is attractive or re- 
pulsive near 1 Bev, a perturbation treatment 
seems to be sufficient. Hence we start 
with an evaluation of the lowest order S 
matrix for 7-7 scattering by referring to 
Fig. 1, using ps(ps) meson theory. The 
matrix element can be expanded in a power 
series in meson momenta k, if k m<1 (m 
being the nucleon mass). The first term 
is proportional to ¢; with diverging co- 
efficient. This divergence is cancelled by 
a counter term 0/¢} leaving a finite term 
7g}. This 4 is an arbitrary constant and 
cannot be calculated from known constants. 

The second term, proportional to &,k,, 
is without any uncertainty and is expressed 
as 


Mi; 5x: (k,, ks, k,) 


2\2 z)4 
ee ae 
X [On Du(—3kiky— hike + 3haky 
—k?—3k2—k*) 
4-30, (— 3k ky + 3k ky — kak, 
ks, 


ky, l ks, k 
ao Ae > 
A 
syf 
\ 
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Fig. le. 
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ae 3k,” —k,? —k,’) 
+ Ou x4 (Rik a 3k ik, si 3kyk, 
Re kicks ake) hs (1) 


‘With the use of the relation between the 
S-matrix element and the effective hamil- 
‘tonian V 

Miss (bibabyks) =—i(2)'V, (2) 


the 7-7 


forming the 4-momenta to the c.m.s. 


potential can be obtained. Trans- 


k,> (Pp, Po) st kare (=p; Po) > 
k,—> (— q; Po) > ky (q, Po) ? (3) 


the effective hamiltonian is expressed in a 


simple form when two pions are free. 


Fin ete 


x [On9 2 { AS 


4p-q+3p'+ po} 
+050: {4p- q+3p’+p} 
+0,.0;,{—p’— 7Po rl > (4) 
where constant terms are neglected in the 
above expression since this is always 
associated with an arbitrary constant which 
should be fitted to the experiment. 

The sign of the 7-7 potential can be 
investigated for the possible total isotopic 
spin T=0, 1 and 2 as follows. 

De l==2 state. ln this case, éq, (4) 


is expressed as 
OPS 
v=(2 ba) Se = {6p’+ 2p} gyyy. (5) 


Now according to the Bose-Einstein statistic, 
even and odd total isotopic spin states 
should be associated with even and odd 
angular momentum states. So, if we 
calculate the matrix element of the effective 


hamiltonian V between two symmetric 


spatial. wave functions, the potential proves 
to be repulsive. 

Even if we consider /o* interaction in 
addition to this potential, a repulsive 
potential would be obtained because /> 0. 
This is consistent with phenomenological 
analysis. 


Il) =~ 2 =7 state, 


in a similar manner as 


Eq. (4) is expressed 


=-(£ or ry S 21+ 8p-qi yyy. (6) 


In this case the matrix element of (6) 
between anti-symmetric spatial wave func- 
tions informs us the potential to be attrac- 
tive. The conclusion is independent of 
/o* interaction because p-wave should be 
associated with T=1 state. 

TT) a Onctate: 
(4) is expressed as 


Also in this case eq. 


Sip 
=--(£) 5 oii P+ po} e¢¢e. (7) 


Similarly, the matrix element of (7) be- 
comes negative; however, this does not 
immediately lead to attractive potential 
because the /g* interaction contribute to 
be positive. 

We cannot, of course, conclude only 
from the above analysis, that the resonance 
between pions actually occurs in the states 
of T=1 and T=0. But the possibility 
exists that both the states of T=1 and 
T=0 contribute to the second maximum 
in the 7—p interaction. 

According to the investigation by Bosco 
and Stroffolini, the pion-pion potential is 
attractive for T=0 and repulsive for T=2 
which is consistent with our results but no 
information can be obtained for T=1. 

The authors would like to express their 
deep gratitudes to Dr. H. Miyazawa for 
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his guidance and kind encouragements. 
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Baryon Mass Spectrum 


H. Katsumori and K. Shimoura 


Department of Physics, 
Osaka Gakugei University, Osaka 


July 15, 1958 


In our previous report’, the possibility 
was pointed out that if the relative parity 
between nucleon and = particle is assumed 
to be odd, the lowest order self energies 
of baryons coming from the charge inde- 
pendent strong interaction give the observed 
baryon mass level ordering. Schwinger also 
suggested such a level splitting in his dis- 
In the 


present report, it is shown that the nu- 


cussion of the isospace symmetry”. 


merical estimate of mass levels in the lowest 
order approximation is not inconsistent with 
the observation, when the reasonable magni- 
tudes of coupling constant yx and of cut- 


off momentum are used, 


Table 1 
NAD S coastal : 
Case | + + + —| +(direct) and/or —(derivative) 
OR. aa —(direct) and/or +(derivative) 
Case | + — + —| +(direct) and/or —(derivative) 
(a a —(direct) and/or + (derivative) 


As was shown in reference 1, the follow- 


ing choices of relative parities and of K 


coupling type give the observed level order- 
ing with the approximately correct interval 
ratio. 

Here we assume that all of baryon fields 
transform as either > ti7,' or Pd 47, 
and the K field ¢6,—>+0,% under the space 
reflection. 

For simplicity, only the direct coupling 
of the K field is considered. Then the 
contributions to the self energy of baryon 
from the scalar and pseudoscalar direct 
couplings contain the logarithmically diver- 


gent integral. We now adopt the straight 


cutoff technique, \, e dk| d0,\ dk, where K 
is the cutoff momentum. . The contributions 
to the self energy are expressed as follows 
(4z times F(-- 


scalar coupling : 


M | — 
— 


-) in reference 1), 


Slog (ev c+ 1) 
+3) —2eD4 (62-2 L 
4b 


4 (164—82°- ate oe (1) 
y 4-—f 


pseudoscalar coupling : 
Mii / 
ba | c4 244 
aon og(k+y «°+1) 
. * | -2«D+ (282 —2) L 
ro) 
TI} (2) 
where M is the rest mass of the degenerate 
bare baryon, <= K/M, 4=(meson mass)/M, 


D=/e+1-y +R, 


ie w+y @+1> 
L=log( 2. OOF pie | = ); 


(poe 
T=tanV 4-4 
A 
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The surface term, which results from the 


translation of momentum variable, is given 


by 
Mik ag iia = ame 
27 | ANY 21 Wre+? 16 
aigeaedd e, BA) 
x(S=—+5 = =) (3) 
VYVre+1YKe+4+24 ) 
This effect, how- 


ever, does not contribute to the final results 


for the both couplings. 
of the mass differences. In the limit of 
K—>0o, the expressions (1), (2) and (3) 
tend to those given by Enatsu”. 

Now we can obtain the relationship be- 
tween the coupling constant (/,/47 and 
the cutoff parameter « so as to give the 
observed mass difference, M(=) —M(N) 
=748m,, using equations (2a) or (2b) 
in reference 1 and (1) to (3) in this 
note. The relations in the both cases (a) 
and in (b) are shown in Fig. 1, for M 
= 2400m,. 
does not sensitively affect the mass difference. 


Fig. 1 shows that if we take /x/47~1, 


The numerical value of M 


as is inferred from the recent experiments, 
we obtain the reasonable magnitudes of 
cutoff parameter, «~0.8 and 1.2 for the 
cases (a) and (b) respectively. 

For the case (b) we may further obtain 
the relationship between (7/47 and « so 
as to give the observed mass difference, 
M(>\) —M(A) =152m,, assuming the 
direct coupling with the = field and using 
(2b) in reference 1 and (1) to (3) in 


this note. Fig. 1 shows, however, that 
g [An 


g (40 


(a) 


K=K/M 
Biogas ls: 
J;,/42~10 requires too small cutoff para- 
meter. 
to the largeness of 77,/47, that is, the 
poor approximation of perturbation method 


We may ascribe this insufficiency 


for the 7 coupling. Otherwise we may 
regard the S’—A mass difference as a 
higher order effect of the K coupling. 
The baryon mass spectra obtained above 
are shown in Fig. 2 for the both cases. 


| 374 me 
= 
a 


“= 748 m 
PIM | é 
y 152 m¢_ 
374 me 
N N 
(a) (b) 
Figs 2! 


In the above discussion, all the K coupl- 
ing constants and all the 7 coupling con- 
stants are equally taken to be /% and //, 
respectively. The following choices of the 
coupling constants, however, also give the 


similar results. 


case (a) : Gx(2 IK) =» (= AR) 
AY (N> IK) =9x(NAK), 
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In(=2 En) =9,,(3>") 
=9x(2Az) =9n(NNZ), 
case (b) : Jx(=>)K) =9x(NAK) 
49 x(= ARK) =9x(NSIK) 
In(==7) =9~(NNz) 
A Yn (I>) FIn (DIAZ). 
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First Excited State in Ca® and Ca" 


Toshiya Komoda 


Department of Physics, Tokyo Institute 
of Technology, Tokyo 


July 9, 1958 


As is well known, the Ca isotopes which 
are usually called “ f. shell” can be inter- 
preted by the jj-coupling shell model. 
According to this model it is expected!) 
that with any form of two-body interaction, 
the excitation energy of the first excited 
state should be the same for the case in 
which there are two particles in the f-) 
shell as for the case with four particles in 
the shell. However, the energies of the 
first excited state in Ca” and Ca" are ex- 
perimentally different.” 

Ca”—1.53 Mev 
Ca“ —1.16 Mev 

To interprete this discrepancy we calculat- 

ed lower levels of Ca and Ca" by using 


the method of configuration mixing. The 
analysis”? of the data in Ca" and the 
level order of the independent shell model 
has led us to assume that the following 
configurations are mixed with the main 
configuration {( f-)») vet gel AP 
Ca* 
J=0: {(foa)*0}, {(Prp)?0} 
J=2: one particle excitation configurations 
{(firefan) 24> {few Poe) 2} 
two particle excitation configurations 
{(fsr2)°2} 1 ( Pre) *2} 
Ge 
J=0: one particle excitation configurations 
{ ( fe) *5/2, foe: 0}, { (fe) *3/2, pao? O} 
two particle excitation configurations 
{ (fie) Ti fora) Juz 0}, { Fee) Je (Pave) Jo 0} 
where J,=0, 2, 4 and J,=0) 2: 
J=2: one particle excitation configurations 
{ (fz) 8 fon: 2}, 4 fee) Je pao? 2} 
where J,=7/2, 3/2, 5/2, 9/2 and 
Je=7/2, 3/2, 5/2. 
two particle excitation configurations 
{(fi2)°0, (foe)®222}, {fe )°2, (fee): 2} 
\(fi2)0, Cpaa)?222}, {(fee)*2, (poye)?0: 2}, 


where the sum of the partial seniority 
numbers was assumed to be limited to 2 
to simplify the computation. This assump- 
tion is considered to be reasonable. 

The two-body interaction in the unfilled 
shell was assumed to be of the form ; 


G= (7, +79) (1+4d,-,)V (7), 


where 


F (ry) =V 2-7: 
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For the unperturbed wave function the 


harmonic oscillator function” 
pret 
=r Riu (r) be. 


Rn (r) aa Nu er ara r itp fica: te 2) (vr?) 


n+i+( (1/2 


7+(1/2) 
nl Lisa /2) 


was used, where R,,,, Yim, N. 
have their usual meanings. We also intro- 
duced the parameters 7 and 7’ for the sake 


of convenience 


single particle level distance f;>— f-)» 


: pairing energy of f-,. shell 


___ single particle level distance p;).—f; js 
/ a . 


pairing energy of f-,. shell 


We assumed that 7 and 7’ have the values 


given by 
p= 27 eT, 4. 


This numerical value corresponds to the 
value of 4. 2Mev” for the f5j.—f-j)2 separa- 
tion if the pairing energy in the f;)2 shell 


2 4 
A — Ap 


0.1 Rosenfeld mixture 


Fig. 1. Difference of the first excitation energies, 
Ap2 2) — doa, between Cat? and Ca™ in 
units of (f%/220|G|f;/220) as a function of 
the range A. 


_is assumed to be 3Mev. 


We computed 
the energies Jf and dW of the first ex- 
cited states of Ca” and Ca™ as a function 
of the range parameter /(= 1/17) and 
We took the 


mixture parameter to be a=0.2, 0.1 and 


the mixture parameter a. 


0 (only Wigner) and also Rosenfeld mix- 
ture a=2.3 which gives saturation of 
nuclear binding energies. In the figure we 
show the energy difference 4{— Jd of 
the first excited state in Ca” and Ca“ as 
a function of the range parameter / for a 
fixed value of the mixture parameter. 
Except around the short range limit, we 
obtain the inconsistent result that JS < Ji 
at a=0.2, 0.1 and 0, but can obtain the 
desired trend JS > dP for Rosenfeld mix- 
ture in the region of the range which we 
considered. If we tentatively take the 
pairing energy for the f;). shell to be 3Mev, 
we obtain the following numerical values 


for the energy difference d{;— di. 


Table 1. Calculated values of the energy difference 
of the first excited states of Cat? and of Ca for 
Rosenfeld mixture. (f7/270|G| f;/2"0) =3Mev. 


Ago’? — Ayo (anit Mev) 
5 | 
Calculated Experiment 
| 
0 0.103 | 
0.2 0.084 
0.4 0.179 
0.6 0.322 0.37 Mev 
0.8 0.423 | 
1.0 0.380 | 
eZ 0.137 


The computed values 42 — dS fie well 
with the experimental value, 0.37 Mev, for 
the region of the range which seems to 
be suitable. 

Details of calculations of the low lying 
levels in Ca isotopes together with the 
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